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PREFACE

The revolution in science and engineering makes it nec-
essary to seek new ways of more effectively training spe-
cialists for the national economy. What must be done
so that the theoretical knowledge that a student acquires
in college does not remain passive but is used with maxi-
mal efficiency in practical work? Until recently this was
achieved with relative success in the traditional way,
but now with the information explosion this is becoming
ever more difficult. The body of information has become
so large that it cannot be comprehended in the limited
period of education unless organized on an entirely new ba-
sis. This basis could be the extended and systematic use
of generalized methods, general methodological princi-
ples, and very general concepts.

This book attempts to do so in a segment of student
instruction of vital importance, the sohition of physics
problems. The approach is based on the application of
the most general concepts of physics to the solution of
any problem. I consider the theoietical aspects underlying
the general approach to problem solution and methods
for solving standard, nonstandard, nonspecific, and
general problems.

Such an approach is not the only one, of course. Many
problems can be solved much faster by applying nonstan-
dard methods or by intuition. Nevertheless, a nonstandard
approach and the use of intuition are possible only when
the student possesses a methodological base for problem
solving and has mastered the general approach. This book
may, therefore, prove helpful for students of diversified
specialities.

Some of the problems discussed here have been taken
from A.G. Chertov and A.A. Vorob’ev, A Problem Book
in Physics (Moscow, 1981, in Russian), and I.E. Irodov,
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Problems in General Physics (Moscow, 1979, English
translation: Mir Publishers, Moscow, 1981, 2nd ed. 1983).
The ideas incorporated in others belong to me.

1 take this opportunity to thank Assistant Professors
V.B. Zernov and A.F. Menyaev and also the staff
of the Physics Faculty of the Moscow Institute of Elec-
tronic Machinery Industry for their constructive com-
ments to improve this book.

B.S. Belikov
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INTRODUCTION

It often happens that a student has a good knowledge of
the theoretical aspects of the physics course but does not
know how to solve physics problems. Some students ad-
mit that they encounter no difficulties in studying theory
and can memorize and understand formulas, definitions,
etc., but are not able to cope with problems. They do not
even know how to begin, and at times, while solving a prob-
lem, they get bogged down in theory and after writing
down numerous formulas, laws, and equations do not know
‘whether they have solved the problem or are close to or
far from the solution. Often, after solving a problem cor-
rectly in general form, they make mistakes in calcula-
tions, and an incorrect numerical result means an incor-
rect solution, after all, and cannot be considered valid.

Granted: it is not easy to learn to solve physics prob-
lems. One can know theory well and yet not be able to
solve the simplest problem. This is no accident. Know-
ing theory is necessary but not sufficient for problem
solving. Besides specific knowledge one must possess
generalized knowledge. And this is usually acquired thro-
ugh experience, in the process of solving physics prob-
lems, usually toward the end of the physics course. But
sometimes generalized knowledge is not acquired at all.

The body of generalized knowledge necessary for prob-
lem solving is discussed mainly in the first two chapters
of this book. The reader will learn what a physics prob-
lem is, from what angle to approach it, what signifies that
a solution has been found, and much more.

The base of generalized knowledge is the fundamental
concepts of physics, which are methodological in character.
These are discussed in the first chapter.

There are relatively few fundamental methodological
concepts of physics. This book uses eight: a physical sys-
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tem, a physical quantity, a physical law. the state of a
physical system, interaction, a physical phenomenon, ideal-
ized objects and processes and a physical model. Being
interrelated, these concepts form a system. Of special
importance is the relation of a physical phenomenon
to all other fundamental concepts.

Using a system of fundamental concepts makes it pos-
sible to formulate the most important definition of a the-
oretical physical problem as a physical phenomenon in
which some of the relationships and quantities are unknown.

To solve a physics problem means to establish the
unknown relationships and determine the sought
physical quantities. *

This definition is extremely important methodologic-
ally. If a physics problem reflects a physical phenome-
non (or collection of phenomena), it is necessary not on-
ly to have specific knowledge about this phenomenon but
also to know how to analyze any physical phenomenon
by applying generalized knowledge. This analysis begins
with the choice and analysis of a physical system and ends
with the construction of a closed system of equations by
the application of the appropriate physical laws. In
view of this the solution process breaks down into three
stages: the physical (which ends with the construction of
the closed system of equations), the mathematical (de-
signed to obtain a solution in general and numerical
forms), and analysis of this solution.

This, naturally, requires building a system of methods
(discussed in Chapter 2) for solving physics problems as a
system of general guidelines for each of the three stages.

It is believed that no one method for solving all phys-
ics problems exists. This may be true. I believe, how-
ever, there does exist a general approach (system of
methods) to the solution of any physics problem.

In Chapters 3 to 13 the general approach is applied to
the solution of problems in practically all the classical
divisions of the general physics course.



Part 1

THE THEORETICAL BASES

OF THE GENERAL APPROACH TO SOLYING
ANY PHYSICS PROBLEM

Chapter 1
THE SYSTEM OF FUNDAMENTAL CONCEPTS
OF PHYSICS

1. Some General Concepts of Physics

The general approach to solving any physics problem is
based on several fundamental physical concepts. These
are well known, and we mention them in this section only
to note some of their specific features. One central con-
cept is that of a physical system.

A physical system constitutes a collection of physi-
cal objects or even a single physical object.

The solution of any physics problem is related to the
study of a particular system. In what follows we will
see that the choice and investigation of a physical sys-
tem constilute the beginning of an analysis of the phys-
ics of a problem.

The physical objects in a system possess certain physi-
cal properties and can participate in various physical
processes. The common way to characterize the properties
of physical objects and processes is to introduce various
Pphysical quantities.

Another important concept is that of the state of a phys-
ical system. The general concept of the state of any phys-
ical system is fairly complicated. If a physical system
consists of a single particle, its mechanical state is de-
termined by six quantities: three position coordinates
(z, y, z) and three components of the particle’s momen-
tum (pz, pyo Pa)-
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The objects in a physical system are interrelated
both with each other and with external objects.
This interrelationship manifests itself in the inter-
action of physical objects.

Interaction constitutes one of the most important prop-
erties of any physical objects. It is caused by the inner
nature of the objects. Four basic types of interaction be-
tween elementary particles are known in physics: strong,
electromagnetic, weak, and gravitational. Neither strong
nor weak interactions will be touched on in this book.

Interaction may change either the position of a physi-
cal system or its state.

The change in position or state of a physical system
will be called a physical phenomenon.

Within the framework of the general approach to solv-
ing physics problems this concept is the most important.
Nature knows of a great variety of physical phenomena:
the movements of planets and stars, thunder and light-
ning, rain and wind, water evaporation and dew fall,
the vibration of atoms and the movement of molecules,
the emission and absorption of light, and so on. It is
not so simple to understand even the qualitative aspect
of one or another physical phenomenon. -

It has proved expedient to start analyzing a physical
phenomenon by selecting and investigating the ap-
propriate physical system, since the phenomenon
proper always occurs within a system.

In the process of analyzing the physical objects of the
system it is advisable to establish to which ideal objects
they correspond, what properties they possess, with what
objects and in what manner they may interact, and what
the results and consequences of such interaction may be.

A physical phenomenon is characterized by a change
in certain physical quantities. These are interrelated.

As is known, a necessary and stable interrelation
or dependence between physical quantities is ex-
pressed by a physical law.
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Every physical law has many facets or angles (neces-
sity, objectivity, physical meaning, and so on). In what
follows we will have special need for two specific aspects
of a physical law: the conditions (or limits) of its ap-
plicability and the method of application.

Every physical law is relative in the sense that it is
valid only in certain conditions.

The set of these limitations will be called the condi-
tions (or limits) of applicability of the given law.

If any one of these conditions is violated, the law cannot
be employed, it becomes invalid. For example, Newton's
second law written in the form F = ma is valid if the
following conditions are maintained: the motion of an
object is considered in relation to an inertial reference
frame, the object is a particle, the particle mass is con-
stant, the velocity of the object (or particle) is much smal-
ler than the speed of light, etc. If any one of these condi-
tions is violated, Newton’s second law in the above form
cannot be employed.

When solving physics problems, it is not enough to
know the right law (i.e. its physical meaning, conditions
of applicability, etc.): one must also know how to apply
the law in specific conditions.

Every physical law has its method (algorithm)
of application.

Say, to write Newton's second law in the form F =
ma correctly, one must perform the following se-
quence of operations. First, check to see whether the ap-
plicability conditions for the law are met (if any one is
violated, the law cannot be employed). Second, select an
inertial reference frame (the given law is valid only in
such reference frames). Third, find all the forces acting
on the object under investigation (the law incorporates
the physical quantity F, which constitutes the vector
sum of all the forces acting on the object of mass m).
Fourth, determine the projection of each force on the coor-
dinate axes (Newton's second law is a vector law). Fifth,
sum algebraically the projections of the forces on each
coordinate axis (3 Fy, O Fy, X F,). And finally, sixth,
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write Newton's second law in the form of three equations
N F,=ma,, X F,=ma,, X F,=ma,,

where a., a,, and a, are the projections of acceleration a
on the z, y, and z axes. The methods used in applying
other physical laws will be discussed in the appropriate
chapters.

2. Idealization of a Physics Problem

Suppose that a formulated problem contains the neces-
sary data (whose completeness is ensured) and we must
determine certain unknown physical quantities. But this
is not the main thing in a formulated problem. The most
important aspect is that the problem is already idealized.
The author of the problem has introduced many addition-
al conditions simplifying it. By introducing these con-
ditions and limitations, he has artificially severed the
links of the given physical phenomenon with other phe-
nomena. It is also assumed that the influence of other
(additional) phenomena is small and can be ignored. Thus,

a f lated physics problem is a problem concerned
with a pure, idealized phenomenon.

Very often in science the object of investigation is not
a real object but its ideal image. The explanation lies
in the fact that real objects and phenomena are so compli-
cated and interrelated that their study and quantitative
investigation with due account for all aspects, interrela-
tions, and interactions would present insurmountable
mathematical difficulties.

Reasonable idealization of concrete physics problems
constitutes the most important feature of physics as
a natural science.

1f physicists did not idealize their problems, they could
not solve a single concrete problem in full. Very of-
ten the simplifying assumptions and limitations are for-
mulated in the problem itself, but at times they are
present in the problem in latent or nonexplicit form.
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Example 2.1. A projectile is fired by a gun at an angle
a = 45° to the horizon with an nitial speed v, = 600 m/s.
Find the horizontal distance to which the projectile will be
propelled. Ignore air drag.

The problem is formulated. It is idealized. One addi-
tional condition simplifying the problem (ignore air
drag) is formulated directly. However, many other sim-
plifying conditions are tacitly assumed. It is assumed that

(a) the gun is positioned on Earth;

(b) the motion of Earth about the Sun is not taken in-
to account;

(c) the motion of Earth about its axis is not taken in-
to account;

(d) the vector of acceleration of free fall, g, points in
the same direction at all points of the projectile’s tra-
jectory;

(e) the acceleration of free fall at Earth’s surface, g,
is assumed constant and equal to 9.8 m/s% and

(f) the projectile is thought of as a particle.

Conditions (b)-(e) simplify the problem considerably.
Say, if we assume Earth to be a sphere, with the result
that the acceleration of free fall points in different direc-
tions at different points of the projectile’s trajectory,
then condmon (d) is not met and the prohlem becomes
more If all the add are
lifted, the problem b ly )l

The snmphiymg assumptions vary from problem to
problem, but

a common feat\lre of all ldealuauons IS the ignor-
ing of 1, secondary inter an
interactions.

Then what should be the criteria? When, in what con-
ditions, can an interrelation or interaction be ignored
and when not? The answer is closely linked with the
method used in analyzing the solution of a problem and
the estimate method, both of which will be discussed in
detail later.

Two ways of idealization are most commonly used in
analyzing physics problems: the introduction of idealized
physical objects and the neglect of nonessential interactions
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and processes. The second approach includes the introduc-
tion of idealized physical processes.

It is important to note that in any idealized physical
object only some of its properties are ignored; the object
possesses these properties, but in the specific conditions
of the problem they manifest themselves so weakly that
they can be ignored.

Physics introduces many idealized objects to use in
the idealization of physics problems. Here are some:

(i) Particle. A fundamental and universal physical
object. In this concept the geometric dimensions of an
object are ignored in with the cl istic
distances of the problem. -

(ii) Rigid body. In this idealized object all possible
strains are ignored.

(iii) Elastic body. Here the remnant strain is ignored.
In some problems remnant strain is so small that it plays
no role. It must be noted that when elastic bodies in-
teract, there is no transformation of mechanical energy
into other types of energy (i.e. the law of energy conser-
vation in mechanics is observed).

(iv) Inelastic body. Such an idealized object is incapa-
ble of sustaining deformation without permanent change
in size or shape. Elastic deformation is ignored.

Examples of other idealized objects will be given later.

The second approach to idealization involves the in-
troduction of idealized physical processes or the neglect
of nonessential physlcal Processes (phenomena) and in-
teractions. E of i are the iso-
choric, isobaric, isothermal, and "adiabatic processes.

Very often, the variation of one or another physical
quantity is ignored in solving a concrete problem on the
assumption that this variation is small.’ For instance, in
the example with the projectile, despite the well-known
fact that the acceleration of free fall depends on altitude,
we assume that g is constant and equal to 9.8 m/s.
But since the altitude k reached by the projectile in its
flight is small (several kilometers) in comparison with
Earth's radius (R = 6400 km), it is reasonable to assume
that in the given problem the acceleration of free fall,
g, is constant.




Ch. 1. System of Fundamental Concepts of Physics 17

Thus, as a consequence oi idealization nnd simpli-
b

fication a model of
the phenomenon relher than a real physical pheno-
menon.

Usually the model of a real physical phenomenon re-
flects the essentials, allows only for the most important
interrelations and interactions, and considers idealized
objects rather than real objects. Very often success in
solving a particular physics problem depends on how well
the model is chosen.

The classnﬁcahon of models of physxcnl phenomena.
obviously, wil the of
phenomena proper.

Hence, depending on the properties of the physical
system and the conditions in which physical phenomena
occur, we distinguish between two general models: clas-
sical physical phenomena (the classical model) and quan-
tum physncal phe?omena (the quantum model). This book

ks §

1 Y

physical and the

correspondmg models.

3. Classification of Physics Problems

As is known, objects can be classified according to any
of their characteristics, but the best classification is ac-
cording to the essential characteristics. Physics problems
possess many characteristics. To arrive at an optimal clas-
sification we must isolate the essential features of a phys-
ics problem. So what is a physics problem, what are its
essential features? It is also expedient to pose other ques-
tions. How and when does a physics problem emerge?
What is meant by solving a physics problem? What
types of physics problems exist? These questions are not
as simple and unimportant as it might seem.

In studylng a physlcal phenomenon some of the physn-
cal the may be
known while others may not. If a person knows everything
about a physical phenomenon (within the framework of
the phenomenon), no questions or problems arise. These
2-0498
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arise when in the process of studying a phenomenon the
researcher finds that for some reason some of the physi-
ca izing the are un-
known. Hence, a problem is posed (stated, formulated)
by a person studying a concrete physical phenomenon
when some of the interrelations, interactions, physical
quantities, etc., in the phenomenon are not known. The
following definition of a physics problem can, therefore,
be suggested:

A physics problem constitutes a physical phenomenon,
more precisely, a verbal model of this phenomenon
(or collection of phenomena), with some known and
some unknown physical quantities, To solve a phys-
ics problem means to find (reconstruct) the unknown
interrelations, physical quantities, etc.

This definition immediately leads us to two classifi-
cations of physics problems. The first is based on the differ-
ence in the methods of finding the unknown quantities,
and the second allows for the content of the physical
phenomenon reflected in each physics problem.

There are two ways of finding the unknown quantities
in a physical phenomenon: the ezperimental and the
theoretical. In the first the unknown quantities are deter-
mined through measurements performed in experiments.
In the second these unknown quantities are found by a
physical analysis of the given phenomenon via the phys-
ical laws that control the phenomenon. Physical laws
interrelate different physical quantities, some of which
may be known, others not. If by applying the appropriate
physical laws we arrive at a closed system of equations
whose unknowns include the unknown physical quanti-
ties to be found, solving the system of equations can
solve the problem theoretically.

These two ways of ﬁndlng the unknown quantities
lead us to the first classi of physics probl Prob-
lems may be ezperimental and theoretical.

A problem is said to be experimental if its solution
requires using measurements.
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Experimental problems will not be considered in this
book (they are usually studied in laboratory courses).

A physics problem is said to be theoretical if it corre-
sponds to a physical phenomenon (or collection of
phenomena) with some known and some unknown
physical quantitities characterizing the phenomenon
and can be solved without resorting to measurements.

This book considers only theoretical physical problems.
In what follows we drop the adjective “theoretical” for
the sake of brevity.

The classification of theoretical problemns will be car-
ried out according to the two most important aspects of
a physics problem formulated above (a problem is al-
ways formulated and solved by a specific person and ex-
presses a certain physical phenomenon). The first aspect
divides all physics problems into formulated (or specified)
and nonspecified.

A problem is said to be nonspecified if the data neces-
sary for its solution are not provided in full (except
tabulated values) or if the necessary idealization has
not been carried out or if both requirements are not
fulfilled.

‘We will consider nonspecified problems later.
In a formulated problem not only is the complete set

of quantities and their values given but also the
idealization process has been carried out.

Hence, in a way a formulated problem is a “prepared”
problem that always has a solution.

We now turn to the classification of formulated prob-
lems according to the second important aspect: a problem
expresses a certain physical phenomenon. The same
criteria used to classify physical phenomena classify
physics problems:

The type of physics problem corresponds to the type
of physical phenomenon that it expresses.
In short, the problem corresponds to the ph
The general criterion mentioned earlier enables us to di.
20
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vide all problems into classical and quantum. Next, each
classical problem (and, of course, each quantum prob-
lem) can be referred, via particular criteria, to the cor-
responding types (right down to the elementary criteria).
But it is hardly reasonable to carry out such a detailed
classification of problems, not only because this would
first require elaborating the entire collection of physical
phenomena (i.e. the entire course of general physics)
but also because a student beginning the study of phys-
ics would find this extremely cumbersome and, appa-
rently, of little use in problem solving. Hence, we re-
strict our discussion to the above-mentioned general clas-
snﬁcauon according to two generallzed features (a for-

1 and 1 and quantum). Note
that although an analysis of a physical system enables
us to determine, often even before the final solution has
been obtained, whether a probl is classical or quan-
tum, what idealized objects and processes have been in-
troduced, what interactions take place, and what their
consequences are, it is sometimes only after the problem
has been solved that we can decide whether it belongs to
the formulated type or the nonspecified.

Another important concept that has proved useful is
that of a basic problem. Each physical phenomenon
can be characterized by a set of physical quantities,
which are related by various physical laws. Among the
many physical laws that govern a given physical phe-
nomenon there is always one or several fundamental laws.

Finding the physical quantities that enter into the
fundamental laws constitutes the essence of the
basic problem of a physical phenomenon.

The next step is to determine, by employing secondary
laws, the entire set of physical quantities that character-
ize the given ph It can be d d that

any basic problem in the general physics course
consists of finding the state of the corresponding
physical system.
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Chapter 2

SOME GENERAL METHODS
FOR SOLVING PHYSICS PROBIEMS

4. Stages in Solving a Formulated Problem

In solving a formulated problem it is useful to distin-
guish between three stages: the physical, the mathematical,
and analysis of solution.

The physical stage begins with acquainting oneself
with the terms (or hypothesis) of the problem and finishes
with setting up a closed system of equations whose un-
knowns include the sought quantities. When the closed
system of equations has been set up, the problem is as-
sumed solved from the standpoint of physics.

The mathematical stage begins with solving the closed
system of equations and finishes with obtaining a numer-
ical answer. This stage can be broken down into two
sta,

(a) ﬁndmg the solution to the problem in general form;

81) finding the numerical answer to the problem.
nce we have solved the system of equations, we have
found the solution in general form. Performing the neces-
sary calculations, we arrive at the numerical answer.
In the mathematical stage there is almost no physics.
It goes without saying that the mathematical stage is less
important than the physical, but it must be stressed that
it is not of secondary importance. Unfortunately, the
role of this stage is sometimes underestimated. It is
sometimes assumed that it can be ignored. It is also wrong
to assume that mistakes made in the mathematical stage
are secondary. If in solving the system of equations or
transferring to new units of measurements or in the cal-
culations proper a mistake is made, the whole solution
becomes wrong.

From the d blem is solved
correctly only |I correct gsneral and numerical an-
swers are obtained.
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Another reason why il is wrong to consider the mathe-
matical stage of secondary importance is that the analy-
sis-of-solution stage must follow. And this stage cannot
be carried out if the general and numerical answers have
not been obtained. Thus, the final solution to a physics
problem relies to an equal degree on both the physical
stage and the mathematical stage.

After the solution has been obtained in general form
and in the form of a numerical answer, the stage of anal-
ysis begins. In this stage we establish how and on what
physical quantities the found quantity depends, in what
conditions this dependence materializes, etc. In conclu-
sion of the analysis we consider the possibility of formu-
lating and solving other problems obtained by varying
and transforming the terms of the given problem. Some-
times the method of dimensionalities is used to check the
correctness of the general solution. Bear in mind that
this method yields only the necessary indication of the
correctness.

Analysis of the numerical answer often involves the
following procedures:

(i) study of the dimensions of the obtained quantity;

(ii) verification that the obtained numerical answer
is physically meaningful and corresponds to the possible
values of the sought quantity; say, if the velocity of an
object is found to be higher than the speed of light in
empty space (c =3 X 108 m’s), the answer is, obvious-
ly, erroneous; and

(iii) investigation of the correspondence of the answers
to the terms of the problem if a multivalued answer has
been obtained.

To a certain extent analysis of a problem solution is a
creative process. Hence, the method just described must
not be too ngnd and may mcorporals a number of other

ding on the hypothesis of the probl
Analysis of the solution is closely related to the problem
statement method, which will be discussed later.

The system of stages in solving a formulated physics
problem is important not in itself. It is necessary to know
more than these stages when solving concrete problems.
But the special feature of the system of stages is that it
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is directly related to the system of methods for solving
physics problems. In each stage the person solving the
problem inust act independently in accordance with the
particular stage.
It is often said, in fact, that if you want to learn
to solve physics problems, you must solve them in-
dependently.

This is true, of course. But if the person solving the prob-
lem is not taught the general ways (methods) of problem
solving. he will use the torturous trial-and-error method.
This makes it necessary to have a system of general meth-
ods for carrying out all the stages in the solution of an
arbitrary physics problem, a system that serves as a set
of rules for independent work. Ience, the system of gen-
eral methods must have the following properties:

(@) it must be universal, that is, applicable to the so-
lution of any problem in the general physics course; and

(B) it must encompass all the stages of solution.

After analyzing the ways in which each stage in prob-
lem solving needs to be carried out. we suggest the fol-
lowing system of general methods:

(1) analysis of the physical content of a problem;

(2) application of a physical law;

(3) general-particular methods;

(4) simplification and complication method; and esti-
mate;

(5) analysis of the solution; and

(6) problem statement.

It must be noted that no method taken alone is univer-
sal. Each has meaning and manifests itself fully only
within the system of methods, and this system does not
always automatically guarantee solution of the problem.
Sometimes a problem can be solved without applying
any method, that is by intuition. But solutions will be
obtained much faster and more often if one acts in accor-
dance with these methods. In short,

the system of general methods is not a dogma but a
guide to independent work in solving a physics prob-
lem, not an instruction but a system of intelligent
advice.
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There are appropriate methods for realizing each stage
in the problem solving process. The following sections
discuss each method in detail.

5. Method of Analyzing the Physical Content
of a Problem

The solution of any physics problem is primarily a men-
tal process. However, we have no wish to go into the psy-
chological aspects of this process. Let us go directly to
the results.

Any physics problem expresses a physical phenom-
enon or group of phenomena. The relationships be-
tween the sought and known physical processes lie in-
side this phenomenon. To find these relationships, which
must form a closed system of equations, one must not
only know the essence of the given phenomenon, the sys-
tem of its physical parameters, the laws that govern the
system, and the limits of its applicability, but also how
to isolate all these elements in the given problem.

Practically speaking, analysis of the physics of a
problem is reduced to isolating and analyzing the
physical phenomenon.

But how does one begin to analyze the physical con-
tent of a problem?

The introductory part of the method of analyzing the
physical content of a problem is of an auxiliary nature:
a kind of entry into the world of the physical phenomena
inherent in the problem. Analysis of the phenomena takes
place when the student is getting acquainted with the
problem. After reading the problem, it is advisable to
write down its terms and try to understand the data and
sought quantities and the relationship between them. Next
it is necessary to make a sketch, drawing, or diagram and
mark all the data and quantities on it. A graphical image
makes it possible to picture the physical phenomena con-
tained in the problem.

In the main part of the method we make a concrete

lysis of the physi As is known, a phys-
ical phenomenon always has two sides, the qualitative
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and the quantitative. Hence, we start the analysis by es-
tablishing the qualitative nature of the phenomenon (in
what respects the phenomenon differs from other phe-
nomena, what its essence is, how it occurs, and so on).
Specifically, we, first, select the appropriate physical
system (what physical objects must be included in the
system); second, determine the qualitative characteris-
tics of these objects (the type of idealized object that
each component in the system represents: particle, rig-
id body, etc.); and, third, determine in which physical
processes the components of the system participate.

After this we establish the various quantitative inter-
relations between the various physical quantities char-
acterizing the given phenomenon. As noted earlier, the
quantitative interrelations between various physical
quantities are reflected in physical laws. Hence, employ-
ing the appropriate physical laws, we arrive at a closed
system of eciuations. Setting up such a system completes
the physical solution of the problem.

Thus, the method of analyzing the physical content of
a problem indicates how to start solving a problem and
how and what must be done to solve any formulated phys-
ics problem. Understandably, this method can be ap.
plied only at the physical stage of problem solving-

6. General-Particular Methods. The DI Method

The system of general-particular methods is universal in
the sense that it can be applied to solving problems in
practically all parts of the general physics course. Once
one has mastered a fairly small number of general-parti-
cular methods, one can successfully solve practically
any formulated problems.

There are relatively few general-particular methods.
Among these we wnll consider the following: the kine-
matic, the di I, the conservation-law, the method
of calculating physical fields, and the method of differentia-
tion and integration. The first four will be studied in sub-
sequent chapters. Here we examine the last method, the
DI method.

Of great importance to the DI method is the principle




28 Part 1. General Approach to Solving A ny Physics Problem

of the limits of applicability of physical laws. As is known,
the content of a physical law is not absolute, and the va-
lidity of a law is restricted to the framework of the appli-
cability limits (or conditions).

Often a physical law can be expanded by changing its
form beyond the limits of applicability via the DI meth-
od. Two principles underlie this method: the principle

(™)

oy I—

M am
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X

Figure 6.1

that a law can be represented in differential form, and
the superposition principle (if the quantities entering in-
to the law are additive).

The essence of the DI method lies in the following. Sup-
pose that the physical law in question has the form

K = LM, ©.1)

where K, L, and M are physical quantities, with L =
const being the condition of the law’s applicability.
How should one generalize this law to the case where L
is not a constant but a function of A, that is, L =
L (M)

Let us isolate an interval dM so small that the varia-
tion of M over this interval can be ignored (Figure 6.1).
Thus, in the interval dM we can approximately assume
that L is constant (L = const) and, hence, the law (6.1)
is valid in this interval (approximately). Then

dK = L (M) dM, (6.2)

where dK is the variation of K over dM.
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Employing the superposition principle (summing the
quantities (6.2) over all the intervals of variation of M),
we arrive at an expression for K in the form

My
K=\ L(M)dM, (6.3)

M,
where M, and M, are the initial and final values of M.

Thus, the DI method consists of two parts. In the
first we find the differential (6.2) of the sought quantity.
This is done in the majority of cases by partitioning the
object (mentally) into parts so small that they can be con-
sidered as being particles or by partitioning a large time
interval into time intervals d¢ so small that in the course
of each interval the process being investigated may be
thought of as approximately uniform (or steady-state).

In the second part of the method we sum (or integrate).
The most difficult aspect here is to choose the correct in-
tegration variable and determine the limits of integration.
To determine the integration variable we must analyze
in detail on what quantities the differential of the sought
quantity depends and what variable is the most impor-
tant. This variable is usually chosen as the integration
variable, and the other variables are expressed as func-
tions of the integration variable. As a result the differ-
ential of the sought quantity assumes the form of a func-
tion of the integration variable. The next step is to de-
termine the limits of integration, which are the upper and
lower values of the integration variable. Evaluation of
the definite integral yields the numerical value of the
sought quantity.

Example 6.1. A thin rod of length | =1 m has been
uniformly charged with an electric charge Q = 10-1* C.
Determine the potential of the electric field generated by this
charge at a point A on the rod’s azis at a distanced =1 m
from its end (Figure 6.2). The rod is placed in a vacuum.

Solution. An answer written in the form ¢ = Q/4ne,d,
from which it follows that ¢ =9 X 10-*V, is erroneous
since this formula is valid only for the potential of an
electric field generated by a point charge. In our case,
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however, charge Q is distributed over an object (the rod)
whose dimensions (! = 1 m) cannot be ignored in compa-
rison with the characteristic distance (d =1 m) con-
sidered in the problem. Hence, charge Q cannot be con-
sidered a point charge.

Let us employ the DI method. We partition the rod in-
to so many small segments that each can be taken as a
particle. Hence, the charge carried by each segment can
be taken as a point charge. We now take one segment of

da
1 : d

a dx x X

Figure 6.2

length dz that lies at a distance z from point 4. The charge
of this segment is a point charge and amounts to dQ =
(Q/l) dz. Charge dQ generates an electric field whose
potential de at point A can be calculated according to
the following formula: 40

dp=72 . (64)

Substituting the value dQ = (Q/l) dz, we arrive at a for-
mula that expresses the sought quantity as a function of
a single variable:
Q dz

de =g = (6.5)
The first part of the method is complete. Now we must
sum the potentials of the fields generated by all the ele-
mentary charges (all are point charges by construction)
into which the initial charge Q has been divided. The
variable of integration z varies fromd =1mtod + I =
2 m. Integrating (6.5) with respect to z within these
limits, we arrive at the following formula for calculating
the sought quantity:

1
o= | RE=warn(t+3):

a
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Subsutuhng the required numerical values, we find that
@ ~ 6.3 x 10-°V.

The diflerentiation and integration method is univer-
sal and is needed both in the study of theory and espe-
cially in solving physics problems. In mechanics the
method is used to calculate the work performed by a var-
iable force and the moments of inertia; in the study of
physical fields it is used to calculate the field strengths
and potentials of fields generated by extended masses,
nonpoint-like charges, macrocurrents, etc.

The differentiation and integration of functions forms
the mathematical basis of this method. Hence, the method
makes it possible to trace the links existing between phy-
sics and higher mathematics (calculus) when studying
these courses.

7. The Simplification and Complication Method.
The Estimate Method

The combmauon of these two methods is used in solving

al d and nonstan-
dard problems It is widely used to analyze the solution
of a physics problem. At this stage the simplification
and complication method makes it possible to develop
practically any problem into a “block” of more compli-
cated or simpler problems. A typical example is Exam-
ple 11.2 (see Section 11).

The component parts of the simplification and compli-
cation method are two interconnected and opposite proc-
esses: the stmphﬁcatum (idealization, estimate and dls-
carding of neglect of
elements, etc.) and compllcatwn (consideration of previ-
ously discarded objects, phenomena, and elements, and
complication of the physical system, interrelations, etc.).
The estimate method forms the material basis of these two
processes.

This approach is often employed in analyzing a physi-
cal situation by estimating physical quantities or physical
phenomena.

An estimate of a physical quantity consists, first, in
numerically calculating the order of magnitude of the
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physical quantity proper (the order-of-magnitude estimate)
and, second, in comparing similar quantities by their
orgj;- of magnitude (comparison of the orders of magni-
tude).

‘When a quantity depending on other quantities is cal-
culated, the numerical value of each of the component
quantities is represented in the scientific notation (in this
notation numbers are expressed as products consisting of
a number between 1 and 10 multiplied by an appropriate
power of 10). Then the order of magnitude of each term
(if the calculated expression is an algebraic sum) is esti-
mated. The terms with the greatest order are isolated,
while the terms whose orders are lower than the highest-
order terms by at least two are discarded. The exact sig-
nificant digit can be found by using a calculator.

Example 7.1. Suppose that the general solution of a
problem gives the following working equation:
VM (paTs— psT1)
RT\T, ’

Am=

where V =9 1 is the volume occupied by a gas, M =
2 X 10-* kg/mol the molecular weight of the gas,
Py =52 X 10° Pa the initial gas pressure, T, = 296 K
the initial gas temperature, p, = 5 X 10* Pa the final gas
pressure, T, =283 K the final gas temperature, R =
8.31 J/mol-K the universal gas constant, and Am
the variation of the gas mass. Estimate the order of magni-
tude of Am.

Solution. We transfer the data into the SI system and,
simultaneously, round off their values and represent
these valnes in the scientific notation. We have: V =~
10" md, M =2 X 10-® kg/mol, p, 5 X 10° Pa,

~3 X 10° K , =5 X 10* Pa, T, =3 X 10* K,
and R~38 J/mol f( These data imply, first, that the
approximate values of the initial and final gas tempera-
tures coincide and, hence, instead of the above formula we
arrive at a simpler expression:

VM (pi—py)
Am ~ —p .
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Second, the order of magnitude of the final pressure
p» =5 X 10* Pa is much lower than that of the initial
pressure p; = 5 X 10° Pa (by two orders of magnitude)
and, hence, the final pressure can be ignored. The
final formula for the estimate of the order of magnitude
of Am is Am ~ VMp,/RT, whence
102X 2 X103 x 5 x 10¢ ~
Am= = g — ke~ 4x 102 kg

A more exact but more cumbersome calculation yields
the following value of the sought quantity: Am = 3.8 X

A rough but quick estimate of the order of magnitude
of a sought quantity is extremely important for the sub-
sequent analysis of the solution.

In comparing physical quantities that depend on
other quantities the first step is to find their ratio
in general form and the second to numerically
calculate the order of magnitude of this ratio.

Example 7.2. Compare the force of gravity Fy ezisting
between two protons and the force of repulsion due to the
proton electric charge, F,.

Solution. Let us find the ratio of the two forces:

Fg _ Gm®x 4negr?

TFa_  rPxe
where G & 6.7 x 10" N.m%kg? is the universal grav-
itational constant, m =~ 1.67 X 10~%7 kg the proton
mass, Q = 1.6 x 10-® C the proton charge, and 4ne, =~
1.1 X 107* F/m. Calculation of this ratio yields
FglFy =~ 7 X 10-% ~ 10-%°. We see that the force of
gravity existing between two protons is weaker than the
force of electric repulsion by 36 orders of magnitude (the
gravitational interaction is fantastically weak if com-
pared with the electromagnetic interaction).

Example 7.3. Which body attracts the Moon with greater
strength, Earth or the Sun?

Solution. On the basis of Newton's law of gravitation
we can find the ratio of the force of gravity exerted on the
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Moon by Earth, Fg, to the force of gravity exerted on the
Moon by the Sun, Fs:

Fg __ Merd
Tt

where Mg ~ 6 X 10> kg is Earth’s mass, Ms ~ 2 X
10% kg the Sun's mass, rs =~ 1.5 X 10 m the mean
distance from the Moon (Earth) to the Sun, and rg =
4 X 10° m the mean distance from the Moon to
Earth. The calculation yields Fg/Fs =~ 3/8. Hence, by
order of magnitude the forces of attraction of the Moon to
Earth and the Sun are equal, but, nevertheless, the Sun
attracts the Moon about two and a half times as strongly
as Earth attracts the Moon. There is nothing paradoxical
in this if one recalls that under the Sun’s attraction the
Moon moves around the Sun while under Earth's at-
traction the Moon moves around Earth.

Estimate of a physical phenomenon amounts, first,
to finding the fundamental law governing the phenom-
enon and, second, to numerically calculating the
order of magnitude of the respective physical quan-
tity.
Estimate problems are often nonspecified.
Example 7.4. Estimate the pressure at Earth's center.
Sol S of the bl We introduce
some simplifying assumptions. We will think of Earth as
a homogeneous solid ball of radius Rg. The field of grav-
ity generated by a homogeneous ball is equivalent to the
field of gravity generated by a particle of the same mass as
the ball's and placed at the center of the ball. Any object
of mass m placed on Earth'’s surface is attracted to Earth
with a force Fg = GmMg/RE and, hence, presses on the
surface with a pressure p = Fg/A, where A is the surface
area of contact of object and Earth. If many such ob-
jects are distributed over Earth’s surface in the form of a
thin spherical layer, the pressure of this layer of mass
dm on Earth's surface will be
GMEgdm
WAL

dp =
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The force of attraction to Earth depends on the distance
to Earth’s center. Hence, the thickness of the spheri-
cal layer must be small in
comparison to this distance.
Each spherical layer presses
on the layers lying under it.
It is now clear that to calcu-
late the pressure at Earth’s
center we must employ the
DI method (see Section 6).
We partition the solid spheri-
cal ball representing Earth
into thin spherical layers and
consider a layer of thickness
dr lying at a distance r from Figure 7.1
Earth’s center O (Figure 7.1).

This layer is attracted to the part of Earth lying within
it (the outer part does not act on the layer) with a force

G X 4nrd drp X dnrdp
dap = Gxdnidoxiny

where p is Earth's mean density. This yields the fol-
{owing formula for the pressure produced by the
ayer:

dFg _ 4nGprdr
dp=gm=—3—-
After integration we get
R

£ 2
= ‘ dp =T"Gp2(ﬂ’5—r2),
3

which is the pressure inside Earth at a distance r from
Earth’s center. At r = 0 we have the pressure at Earth's
center:

p=2coy.
We estimate the order of magnitude of this quantity (as-
suming that p ~ 5.5 X 10* kg/m®):
p~1.6 x 10" Pa = 2 x 10" Pa.
3-0498
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As is known, the standard atmospheric pressure amo-
unts to about 10° Pa. Hence. the pressure at Earth'’s cen-
ter exceeds the standard atmospheric pressure by six or-
ders of magnitude.

The estimate method is often used to compare differ-
ent physical phenomena. Here the fundamental
physical quantities characterizing the phenomena are

estimated.
Example 7. 5. A flat conducting contour g an
area A =1 m* has an electrical resntance R = 19 It is
placed in a h field whose nd;

varies according to the law B = B, — at’/24, with B, =
10 T and « = 10-' T-m*/s2. The plane in which the con-
tour lies s perpendicular to the magnetic induction vector
B. Determine the current flowing in the contour at time
t =1 s if the inductance of the contour is L and if at
t = 0 the current in the contour is I =

Solution. Depending on the value of L the concrete
physical phenomena will occur in different ways. We con-
sider two limiting cases.

(1) Inductance L is so small that self-induction can
be ignored. But ignored in comparison with what other
physical phenomenon (or quantity)? We incorporate the
contour and the magnetic field into the physical system.
Because of the variation of the magnetic field, electro-
magnetic induction sets in. Since the induction emf §, =
at is time-dependent, the induction current is also
time-dependent. ITence, the phenomenon of self-induc-
tion sets in, with the self-induction emf § ._, = —L(dI/dt)
acting as a characteristic of this phenomenon.

Thus, we are considering the case of L-values so small
that the self-induction emf &._, can be ignored in com-
parison with the induction emf &,. Then Kirchhoff's
second rule yields & = I\R. Since &, = at, we get

I, =at/R, I,=10"A. (7.1)
(2) Inductance L is so large that we cannot ignore self-

induction. This means that the self-induction emf &<,
is comparable to the induction emf &,. Kirchhoff's
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second rule then yields
a7 d7
E’,—LW=1R. or at—L‘iT=IR.

The solution to this differential equation that satis-
fies the initial condition (I = 0 at ¢ = 0) is given by the
following function:

=& oLy @
1= — 5% (1—e-Rin), (1.2)

The second term on the right-hand side accounts for
self-induction. Suppose that inductance L of the contour
is equal to 1 H. Substituting the necessary values into
(7.2), we get I = 0.04 A, which differs considerably from
the value obtained earlier. We see that for large values
of the inductance of the contour one cannot ignore self-
induction.

Note that the above conclusion is valid only for short
time intervals. Equation (7.2) clearly shows that the
role of self-induction diminishes with the passage of time.
For example, at ¢t =100 s we have I =10 A if self-induc-
tion is ignored and I = 9.9 A if it is not, that is, the cor-
rection introduced by self-induction amounts to only 1
percent. Thus, for time intervals exceeding 100 s we can
ignore self-induction even for such a large value of the
contour’s inductance (L =1 H).

8. The Problem Statement Method

This method is employed either when the solution is be-
ing analyzed or, more often, when the problem is being
formulated in the case of a nonspecified problem.

The reader will recall that a nonspecified problem has
been defined as a problem that has yet to be idealized or
a problem with an incomplete (nonclosed)* system of
physical quantities and conditions or as a problem in
which both conditions are present. Ilence, a nonspecified

* Tabulated data are not considered as fixed quantities. Thus,
an idealized problem whose system of fixed (or given) quantities is
incomplete only because it lacks tabulated data does not consti-
tute a nonspecified problem.

3%
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problem differs from a formulated one in that, first, it
is not idealized and, second. its solution is not unique,
with the result that the problem breaks down into sev-
eral formulated problems.

Often a pecified problem i da-
taor it is not known what quanuues must be found or
some additional conditions are missing, and so on.

Hence. the first step (the most important but also
the most difficult) in solving a nonspecified problem
is to state (formulate, specify) the problem properly.

When analyzing a physical phenomenon (the problem
statement method starts with this stage), one must estab-
lish what simplifying assumptions can be introduced,
what can be ignored, what additional conditions can be
introduced, and the like. Above, this procedure was called
the idealization process. After reasonable idealization, it
is necessary to establish what data may be known, and
what can be taken from handbooks, tables, and other
sources. Some data may prove superfluous, while other
data may prove lacking, but this can only be established
after the problem has been solved in general form. Appar-
ently, there is no general method (or algorithm) for carry-
ing out the idealization process in a problem. This is
simply a creative process.

Idealization is followed by formulation (or statement)
of the problem: under such and such conditions something
is given and something must be found. This finishes the
first stage in the solution and statement of a nonspecified
problem. The problem has been stated (formulated).
The next stage is already known: the solution of a for-
mulated problem. We must again analyze the physical
phenomenon in question (now this is done much faster),
set up the closed system of equations, and solve the sys-
tem in general form. Before proceeding with the numeri-
cal calculations, we must check to see whether all the
necessary data for this are present. If not, the lacking
data must be added to the given data or taken from ta-
b]es, handbooks, and other sources. Only after introducing

dditional data that the existence of a
n mque solution to the formulated problem can we assume
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that the problem has been properly stated (formulated).
Finally, comes the arithmetic to yield the total solution.

Next, lifting one or several additional conditions (say,
by allowing for friction or by assuming that the given
object is not a particle), we can formulate other problems
and solve them in the above manner.

Thus, a single nonspecified problem may be linked
with a whole group, or “block”, of different physics
problems of varying difficulty.

Example 8.1. An object is placed on a wedge (an inclined
plane). Study the motion of the wedge and the object (Fig-
ure 8.1).

Solution. This is a nonspecified problem. It is pot
clear what physical quantities are assumed given or what
must be found, and there
are no additjonal condi-
tions (where must one look
for the data on the object,
what are their properties,
and so on).

In the first stage of ana-
lyzing a possible physical Figure 8.1
phenomenon let us try to
formulate the problem properly. It is advisable to in-
clude the object and the wedge in the physical system and
assume that all other objects are external to the sys-
tem.

Let us now idealize the problem. To this end we intro-
duce additional conditions and limitations which will
ensure that the problem yet to be formulated will have a
solution. We assume that

(1) the given physical system is placed on Earth;

(2) the friction between the wedge and Earth’s surface
is so large that the wedge remains fixed in relation to
Earth;

(3) both object and wedge are rigid bodies, that is, all
possible strains are so small that they can be discarded;
however, the elastic forces generated by these strains will
be accounted for (this condition, for one thing, implies
that the surfaces of the wedge can be considered flat';
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(4) the height of the wedge is so small that over its en-
tire value we can consider g = 9.8 m/s? = const;

(5) the object is a particle;

(6) the friction between the object and the wedge is
small and can be discarded;

(7) the horizontal face of the wedge is so short that the
sphericity of Earth can be ignored (i.e. the acceleration
of free fall g can be assumed to point everywhere in the
same direction).

Now, introducing these conditions and limitations,
we can formulate (state) the first problem:

A particle of mass m = 1 kg moves along a rigid inclined
plane whose height is h = 10 m. The initial velocity of the
object is vy, = 0. The angle at the base of the inclined plane
is a = 30°. Determine the time it takes the object to slip
down the plane to the base (or the object's acceleration a
or the velocity v or some other parameter) if there is no fric-
tion between object and wedge. Air resistance is ignored.

The problem has been formulated and, as its solution
will shortly show (the solution is quite simple), has been
formulated correctly. Analysis of this solution shows that
the sought time ¢ depends on height k2 and angle a in the
following manner:

t= “ma Ly ogh. 81)
Substitution of the numerical values into this formula
yields t ~ 3 s.

One formulated problem has been solved. Now, by grad-
ually lifting the reslnchons and additional conditions,
more 1i bl can be formulated. Say, if we
lift condition (6), we get a problem on the motion of a
particle that allows for friction. It is advisable to compare
the solution of this second problem with the first solution
(8.1). If we lift condition (5), we have a problem on a ri-
gid body (not a particle) moving along an inclined plane.
But here we must introduce the assumption concerning
the shape of the object (a ball, cylinder, or some other
shape). The solution to the third problemcan be compa-
red with the solutionsto the first and second and the emerg-
ing differences can be analyzed (say, why ¢t is different
for the three cases).
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Thus, from a single nonspecified problem we can
obtain a whole set (“cluster”) of diversified prob-
lems,

9. Another Classification of Formulated Problems

Another classification of formulated problems has also
proved useful. It is based on an extremely important as-
pect of the process of problem solution, namely, the means
necessary and sufficient for solving a physics problem.
Accordmg to this, Iormuhted problems can be classified

dard problems. Here
\ve give del‘mluons of such problems with little attention
paid to rigor, although more rigorous definitions could
also be given.

An elementary problem is one for whose solution it
is necessary and sufficient to recall and use only one
physical law.

A standard problem is a formulated problem for whose
solution it is necessary and sufficient to employ
only a system of “common” knowledge and “stan-
dard” methods.

The widespread collections of physics problems usual-
ly contain standard problems. Below we give examples of
elementary, standard, and nonstandard problems.

Example 9.1. A direct current I =1 A flows in a con-
ductor made in the form of a circle of radius R = 0.5 m.
Determine the magnetic induction generated by this current
at the center of the circle. The conductor is placed in a vacu-
um.

Solution. The solution is clear-cut. We need only to
write the Biot-Savart law in integral form for a circular
current:

B=p.,pz—;:. or B=4nx107T.

Thus, to solve this problem it is necessary and suffi-
cient to employ a concrete law, and the method of apply-
ing this law depends on the form in which the law is writ-
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ten. Consequently, this problem is elementary. Some-
times elementary problems are called training or plug-in
problems. Problems of this type do justify this classifi-
cation. They can be called training because they train
the student’s memory; they can be called plug-in because
after writing the necessary law the student need only
substitute (or “plug in") the various values of the quanti-
ties and carry out the calculations; they can also be cal-
led elementary. We will reserve the last name for such

Y

Figure 9.1

problems. Bearing in mind that elementary problems can
be solved without employing the general approach (al-
though some elements of this approach can be used in
solv]:ng such problems), we do not consider them in this
book.

Example 9.2. Two blocks of masses m, and m, are
placed on a plane inclined at an angle a. to the horiuzontal
(Figure 9.1). Determine the force of interaction between the
blocks (which are touching each other) during their motion
if the coefficients of friction between the inclined plane and
the blocks are {, and f,, respectively, with f, > f,.

Solution. This fairly simple problem cannot be solved
by simPly writing the appropriate physical law (say,
Newton's second law F = ma) if only because we must
know not only the law but also how to apply it.

Let us employ the method of analyzing the physical con-
tent. After writing the hypothesis of the problem, plot-
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ting the necessary diagram, and analyzing the data and
the sought quantities, we get down to the main part of
the physical analysis. We incorporate in the physical sys-
tem the blocks m, and m, and assume that all other ob-
jects are external to this system. The objects of the sys-
tem may be taken to be particles. These particles move
within the system owing to their interaction with each
other and with external objects (Earth and the inclined
plane). We must determine one parameter of such inter-
action, that is, one of the internal forces. This problem
is linked with the basic problem of particle dynamics. Let
us apply Newton's second law to each object (particle).
We associate an inertial reference frame with the incli-
ned plane and point the axes of the coordinates as shown
in Figure 9.1. Clearly, there are four forces acting on each
of the two objects m, and m,, namely, the force of gravi-
ty mg, the force N exerted on a block by the plane, the
friction force Fy,, and the sought force of interaction be-
tween the blocks, F. Projecting these forces on the coordi-
nate axes, we get a closed system of two equations in two
unknowns:
m,g sin @ — fym,g cos @ + F = mya,
mag sin @ — fomag cos @ — F = maa.
Solving this system, we arrive at an answer in general
form:
F=Tams(h—1s)cosa
mytm,

‘We see that to solve this problem it is necessary and
sufficient to use only Newton's second law, the standard
method of analyzing the physical content of a problem,
and the method of applying the necessary physical law.
Hence the solved problem is a standard one.

A n d blem is also a formulated problem,
but the application of only “ordinary” laws and
methods in the process of its solution does not lead
to the goal because the system of equations proves
not closed.

q hi

d for (which makes the
problem nonslandard), some feature that eludes imme-
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diate detection and requires a wild guess. Obviously,
there can be no general or universal practical advice on
how to guess this feature.

Example 9.3. Two partlcles of mavses m, and m, (wrlh
my > my) are d b 1

string as shown in Figure 9.2. The pulleys are also massless.
Find the force of tensile strength of the string that emerges
when the particles move.

Solution. We employ the method of analyzing the
physical content. After writing out the hypothesis of the
problem, plotting the necessary
diagram, and analyzing the data
and sought quantities, we get down
to the second part of the physical
analysis. The objects system incor-
porates the objects m; and m,
and the string. By the hypothesis,
objects m, and m, are particles and
the thread is massless and nonex-
pandable and thus cannot be tho-
ught of as a particle. As a result of
the interaction of the objects in the
system between themselves and
with external objects (such as Earth)
the objects m, and m, movein a
straight line with accelerations a,
and a,, respectively. One of the
dynamical parameters of the problem must be found: the
force of tensile strength (or simply tensile strength) of
the string. This problem is related to the basic problem
of particle dynamics. We apply Newton's second law
to m, and m,:

Figure 9.2

mg — T =ma,, 2T — myg = mya,,
with T the tensile strength.

Now we have a closed system of two equations in three
unknowns (a,, a,, and T). The concrete laws of dynamics
have been exhausted, so we employ the concrete laws of
kinematics:

§; = a %2, s, = a,t}/2.
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We have thus arrived at an open system of four equa-
tions in six unknowns (a,, as, T, s;, S», and £). Now the
concrete laws of kinematics have been exhausted, but the
problem still remains unsolved. Something in the hypo-
thesis of the problem has not been accounted for, but we
can only guess what this “something” is. We again analyze
the hypothesis. \Why are the acceleralions a, and a, differ-
ent? The conditions in which the two particles move are
different. But in what way? Well, different forces act on
m, and m, (this is reflected in the dynamics of the prob-
lem). In what other respect is their motion different? In
the kinematics of the motion; concretely, s, differs from
s,. But why? Because a, differs from a,. But this is what
we started with. So far logic has proved of no help. And
then suddenly, like a bolt out of the blue, we have the
answer: s; = 2s,. Why? Well, the answer is simple. The
guess is indeed correct, and it can be rigorously proved.
After this the solution is indeed obvious.

To conclude this section we examine a particular case
of nonstandard problems, which we will call original, or
challenging, problems.

An original problem is a nonstandard problem in the
solution of which the role of the wild guess becomes
dominant in comparison with ordinary knowledge
and methods.

The role of the latter is usually minor in solving such
problems. The definitions of an original and a strictly
nonstandard problem show that the boundary between
the two is hazy. Sometimes in original problems the un-
definable “something,” or the special feature that evades
detection, becomes the seed out of which new nonstan-
dard methods of problem solving grow. Note that an orig-
inal problem can often be solved by standard methods,
but this is so cumbersome, at times involving complicated
transformations and calculations, that it proves best to
look for another, i.e. original, solution.

Example 9.4. Two motorboats simultaneously leave two
ports A and B separated by a distance 1. One has a velocity
v, and the other, a velocity v, (Figure 9.3). The direction in
which the first motorboat travels forms an angle @ with the
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AB line and that in which the second motorboat travels an
angle B with AB. What will be the smallest distance between
the motorboats?

Solution. We start with a standard solution. We employ
the method of analyzing the physical content. In what
follows this method will be called the method of analysis
for the sake of brevity. The physical system is formed by
the two motorboats, which are assumed to be particles.

12

Figure 9.3

These move uniformly and rectilinearly with respect to
the inertial reference frame in which Earth is at rest. This
motion is considered only formally. We wish to find one
of the parameters of this motion, the minimal distance
between the particles. The problem is associated with the
basic problem of kinematics. We assume the origin Lo be
at point A. Since the laws of motion of the particles are
known,

r=vtcosa X i +uytsina X j,

r, = (L —vitcosB)i+ vtsinP X j,

we can find the distance between the motorboats at any
moment in time:

r =V {l— (v,cosB+v, cosa) t]>+ [(v, sin B—v, sin @) £]2.
(9-1)

There only remains to find the minimum of this expres-
sion. Here, however, we will encounter some difficult
calculations, but these will have to be carried out to the
end. To simplify the calculations (we must find the de-
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rivative r’ and, nullifying it, find the value ¢y, Which is
then substituted into (9.1), and the sought value of
F'min is found) we square r and get

r2=[l— (v, cos P + v, cos @) (]2 + [(v, sin p— v, sin @) {]2.
We find the derivatives of both sides of this equation:
2rr' =2{—|l—(vycos B +v, cos @) {] (v, cos B+ v, cos @)
+ (v, sin B — v, sin @)2t}.
We exclude the trivial case where r = 0 (this would mean
that the motorboats would eventually collide). Then,

equating r’ with zero, we find the time ¢y, at which the
distance between the motorboats is minimal:

P L(vs cos B+v; cos @)
T+ cos(@+p)”

Substituting this expression for tm, into (9.1) and per-
forming tedious calculations (we advise the reader to go
through these calculations independently), we arrive at
the following final expression:

[ 1 (vesin B—v, sin @)
ST vt 20,0, cos (@1 B)

We now give the original solution. We fix the inertial
reference frame with the first motorboat instead of Earth.
But why? In that respect is the new frame better than the
old frame connected with Earth? Perhaps it is better, per-
haps not. We cannot know in advance. But still let us
select such a reference frame. Then the second motorboat
moves in relation to this reference frame with a relative
velocity

vV=v,—V, 9.2)

and its trajectory is the straight line BC (Figure 9.4).
Obviously, the minimal distance between the motor-
boats is equal to the length of the perpendicular AC
dropped from point 4 onto the straight line BC:

|AC | =1Ising,
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where ¢ is the angle between BA and vector v. What re-
mains to be found is sin . Projecting v (see Eq. (9.2))

Y
~~_¢
v=v-v,
A ¢ 8
L X
Figure 9.4

on the Y axis, we get
vsin ¢ = v, sinf — v, sin a.
By the law of cosines,

v= VIt v+ 2o, cos (a+ B)-
Thus,
sinp= vy sin p—v;sina

Vvi+vi+ 2w, cos(@+B)
Hence, finally,
Fam=AC| = 1 (v, sin p—v; sin @) ,
V v+ 03+ 2010, cos (@+ B)

which coincides with the expression obtained via tedious
calculations by the standard method.



Part 2
SOLUTION OF STANDARD PROBLEMS

MECHANICS

Chapter 3
THE MOTION OF A PARTICLE

10. Particle Kinematics

In kinematics the motion of objectsis considered in a for-
mal manner, without explaining the reasons for the var-
iations in motion and, hence, without employing the
concepts of force or mass.

Figure 10.1

The simplest physical system consists of a single par-
ticle or a relatively small number. The position of a par-
ticle with respect to a reference frame at an arbitrary mo-
ment in time ¢ is determined by the radius vector r =
r (t) (Figure 10.1). If we introduce the unit vectors i, j,
and k along the X, Y, and Z axes, respectively, the radi-



48 Part 2. Solution of Standard Problems

us vector r can be represented in the following form:
r)=z@®i+ty@®i+z()k (10.1)
with z (¢), y (¢), and z () the components of r (t). Simul-
taneously specifying three functions, z (), y (¢), and
z (t), is equivalent to specifying a single vector function
r (¢) of the scalar independent variable ¢. Equation (10.1)
is known as the law of motion of a particle. Thus, the
law of motion (10.1) specifies the position of the particle
at any moment in time.
The velocity vector v = {v (t), v, (¢), v, (t)} and
the acceleration vector a = {a. (t), a, (t), a. (t)} are
defined in terms of the appropriate derivatives thus:

dr dz dy dz
v=g=itgitgk (10.2)
dv dz d%y ., dxz
a= =g it grit gk 103

The law of motion (10.1) is fundamental to kinematics.
Knowing the law of motion, one can determine other phys-
ical quantities characterizing the motion of a particle,
say, the components of the velocity vector v and the acce-
leration vector a:

dz dy dz
ve)="g, vO=3, v:O=7g: (1049

=92, a,=3%. aO=4%. 105

Hence, the law of motion (10.1) is directly related to the
basic problem of kinematics. Formally there are two such
problems: the direct and the inverse.

The direct problem of kinematics consists in finding
any parameter of motion from the known law of
motion.

It is solved by consistently applying the basic laws of
kinematics (10.1)-(10.3).
The inverse problem of kinematics comsists in
determining the law of motion from a known para-
meter of motion (the velocity vector v or the ac-
celeration vector a).
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The inverse problem is considerably more complicated
than the direct problem. It can be shown that the great
variety of kinematic problems can be reduced to these
two types. Below we consider several examples of the di-
rect and inverse problems of kinematics.

Example 10.1. Determine the absolute value of the veloc-
ity of a particle at time t = 2 s if the particle moves ac-
cording to the law r = at’i + B (sin at)j, with a =
2 m/s* and f =3 m.

Sol,

A physical analysis.* The physical system con-
sists of a single idealized object, a particle. The law of
motion is formally specified. Hence, our problem belongs
to the class of direct problems of kinematics (given the
law of motion. find one of the parameters of motion, in
our case the absolute value of the velocity vector). Using
the known law of motion, we find that the components of
the radius vector r (f) are

z (t) = at?, (10.6)
y () = Psin =, (10.7)
z() =0. (10.8)

Thus, the particle moves in the XOY plane. Conse-
quently, each of the vectorsr, v, and a has two components.
Combining the definition of the velocity vector
with Egs. (10.2), (10.4), (10.6), and (10.7), we find the
following expressions for the velocity components:

vy = 2at, v, = fa cos at.

This yields the following expression for the absolute val-
ue of the velocity vector:

vl = Vvi+vi=Via*+pPatcos® al.

Susbstituting the necessary numerical values, we get
v~ 12.4 m/s.

* We will not carry out the introductory part of the physical
analysis in full. Hence, the words “a physical analysis” followi:
the word “solution” mean that only the main part of the method ol
analyzing the physical content of a problem is carried out (choice
and analysis of the physical system, the study of the physicul
phenomenon, etc.).

4—0498



50 Part 2. Solution of Standard Problems

Example 10.2. A4 particle moves according to the law
r=a(sin5t) i- P (cos*5t) i, with @ =2 m and
B = 3 m. Find the velocity vector, acceleration vector,
and trajectory of the particle’s motion.

Solution. This is also a direct problem of kinematics.
We start with the components of the radius vector:

z (t) = asin 5, (10.9)
y (t) = B cos® 5t, (10.10)
z () =0. (10.11)

Thus, the particle moves in the XOY plane. Next we
find the components of the velocity vector:

vy (t) = 5a cos 5t, (10.12)

v (t) = — 5B sin 10¢. (10.13)

Equations (10.12) and (10.13) yield the expressions for
the components of the acceleration vector:

a, (t) = —25 a sin 5t, (10.14)

ay, () =— 50 B cos 10¢. (10.15)

To find the trajectory we exclude ¢ from the system of
equations (10.9)-(10.10). The result is

y=3—(3/4) 2% (10.16)

Hence, the particle moves along a parabola.

Example 10.3. The velocity of a particle varies according
to the law v = a (26> — B) i — y (sin 2n¢/3) j, with @ =
1m/st, p=1s% and y =1 m/s. Find the law of mo-
twon if at the initial moment t = 0 the particle was at the
origin 1, = {0, 0, 0}

Solution. A physical analysis.* The physical system con-
sists only of the particle. Formally the law of variation
of the particle’s velocity and the particle’s initial posi-
tion are specified. We are looking for the law of motion
of the particle. Hence, the given problem constitutes an

* In what follows we drop the words “a physical analysis” after
the word “solution.
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inverse problem of kinematics (given a single parameter
of motion, the velocity, find the law of motion). The law
of motion r = r (t) and the velocity vector v are related
through the vector diflerential equation (10.2), which is
equivalent to three differential equations (10.4). In our
case the velocity components vy (t), v, (¢), and v, (t) are
known functions of time:

ve=a2~P), v, =—y(sin2n/3), v,=0.

Substituting these expressions for vy, v,, and v, into
Eqs. (10.4), we obtain a system of three differential equa-
tions in three unknown functions z (¢), y (t), and z (t), the
components of the radius vector r:

dz Lo 2n d, d
a@P—f=", —vsinSpi= <1 0=d—j.

T ’
Separating the variables and integrating, we find that
:=a(%l‘—ﬁl)+c,, (10.17)
y- Z—:cosz.—:l+cz, (10.18)

1=¢y, (10.19)
where ¢,, ¢,, and ¢, are arbitrary constants that can be de-
termined from the initial conditions. Allowing for the
fact that z = y = z =0 at ¢t =0 and employing the sys-
tem of equations (10.17)-(10.19), we find that ¢, =0,
¢y = —3y/2n, and ¢y = 0. We can now write the final
expressions for the components of the radius vector
r

z(t)=a(——;-t‘—-f|t) B y=—g—1(cos—23'l t—-i) , z2=0.
Thus, the law of motion has the form
r()=a (5 #—%) i+ (cos B 1) ).
Note that if we now solve the direct problem (given

the law of motion, find the velocity), we can obtain the
starting expression for the velocity vector:

v(@)=a (2 —p)i—v(sin 272/3) j.
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Knowing the law of motion we can find any parameter of
motion: velocity v, acceleration a, the trajectory, etc.

Example 10.4. The acceleration of a particle varies ac-
cording to the law a = at®i — Bj, with « = 3 m/s* and
B = 3 m/s%. Find the distance from the origin to the point
where the particle will be at time t =1 s if vo = 0 and
rp=0 at t=0.

Solution. The hypothesis of the problem shows that
the particle moves in the XOY plane. To find the distan-
ce from the origin to the point where the particle will be
at t =1s, we must know the particle’s law of motion.
Thus, we have an inverse problem of kinematics: given a
parameter of motion (in our case this is acceleration a),
determine the law of motion r = r (t) and then find the
absolute value of r at t =1 s.

\\ge start by determining the velocity vector from Eq.

.3):

dv _dig doy
a=gq . or a=giitg)

This vector differential equation is equivalent to the fol-
lowing two differential equations:

d
- b

Separating the variables and integrating, we arrive at
the following expressions for the components of the ve-
locity vector:

"
v=S+e, v=—Ppt+e

Allowing for the initial conditions (v =v, =0 at
t = 0), we can find the values of the arbitrary constants:
¢, =0 and ¢, =0.

Next we turn to the system of differential equations

£=°‘_" b _ _p
3 de

and find the components z (¢) and y (t) of the radius vec-
tor r(t):

=2 te yi=—81e, (1020
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where ¢, and c, are arbitrary constants. By allowing for
the initial conditions (z = y = 0 at ¢ = 0) we find from
Eqgs. (10.20) that ¢; = ¢, = 0. We have now found the
law of motion:

rg=2 - B (10.21)
If we use the formula for the absolute value of a veclor, or
the length of a vector, we can determine the songllt dis-
tance from the origin to the particle at ¢ = 1s:

Irl=VZ+s,
which yields r =~ 1.52 m.

Analysis of the solution. Knowing the law of motion,
we can find any parameter that characterizes the motion
of a particle and, hence, we can formulate and solve many
other kinematic problems concerned with finding these
parameters. Let us formulate, for example, the problem
of finding the trajectory of a given particle: given the ac-
celeration a = at’i — Bj and the same initial conditions
(these could be different as well), find the trajectory des-
cribed by the particle. After the law of motion (10.21) has
been obtained, the trajectory of the particle can be found
by excluding time ¢ from the system of equations

B

1
=", Y=

The set of methods for solving the direct and inverse
problems of kinematics constitutes the essence of the ki-
nematic method mentioned in Section 6.

Very often an arbitrary kinematic problem with real
content can be reduced to the schematized direct and in-
verse problems of kinematics just discussed. Let us de-
monstrate this assertion using a concrete example.

Example 10.5. A train is moving rectilinearly with a ve-
locity v, = 180 km’hr. Suddenly an obstacle appears on
the tracks and the engineer brakes. Now the velocity of the
train changes according to the law v = v, — at?, with
o =1 m/'s®. What is the braking distance of the train?
How much time must pass from the moment the brakes are
applied before the train stops?
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Solution. The physical system consists of only one ob-
ject, the train, and the train can be thought of as a par-
ticle. The motion of the train is studied formally, with-
out clarifying what caused the change in its state of mo-
tion (the principles on which the brakes operate are as-
sumed to be unknown, and knowledge of these principles is
unimportant to the solution of the problem). We know
the law of variation of one of the parameters of motion,
the velocity. We must find other physical quantities
characterizing the train’s motion (the braking distance
and time). Thus, we have an inverse problem of kinemat-
ics, which can be formulated in the following manner:
guwen the velocity of a particle as a function of time, v =
{vo —at®) i, with a =1 m's® and v, =180 km/hr,
find the time it takes the particle tostop and the distance the
particle travels before it stops if at t =0 we have r =0
and v, = v,i (the latter condition follows from the law
of variation of velocity v = (v, — af®) i). When the
problem is formulated in this manner, it is unimportant
what real object is moving: a train, car, motorboat, or
submarine (one only has to change the constant parame-
ters @ and v,).

We solve this inverse problem of kinematics by emplo-
ying the kinematic method. Since the motion of the par-
ticle is one-dimensional (along the X axis), to find the
law of motion we need only one differential equation:

dz = vdt, or dz = (v, — at?) dt.
After integrating the latter equation and allowing for
the initial conditions, we arrive at the law of motion,
= vt — at¥/3. (10.22)
The time it takes the train to come to a stop can be cal-
culated by nullifying the train's velocity:
0 =v, —at?

This yields t = Substitution of the necessary
numevical values \lelds t =~ 7 s. From Eq. (10.22) we
find the braking distance: z =~ 230 m.

Example 10.6. A rocket is launched from a land-based
sute vertically with an acceleration a = at*, witha = 1 m/s*.
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At an altitude h, = 100 km above Earth’s surface the rock-
et's boosters fail. How much time will pass (from the mo-
ment the boosters failed) before the rocket crashes? Air drag
is ignored. The initial velocity of the rocket is vy = 0.

Solution. The rocket can be thought of as a particle.
We know the initial conditions and how the acceleration
varies with time. We must find other physical’character-
istics of the rocket's motion (velocity, time of motion,
and the law of motion). This constitutes an inverse prob-
lem of kinematics. After integrating the equation dv =
a dt and allowing for the initial conditions, we find
the law of time variation of the velocity:

v=at¥/3.

After integrating a second time and allowing once more
for the initial conditions, we arrive at the law of motion
of the rocket:

h=at'/12.

These laws are valid only up to the moment when the
boosters failed. Let us determine the velocity of the rocket
at that moment (this velocily constitutes the initial ve-
locity in the rocket’s further motion):

4
_a T2 3
v‘"_.a-l/-( a ) -

This yields vy, & 12.1 km/s, which exceeds the escape

velocity of objects launched from Earth, roughly
11.2 km/s. Hence, the rocket will never return to Earth.

11. Particle Dynamics

When we study the dynamics of the motion of objects,
we must introduce a new concept that allows for inter-
actions between the objects. This is the concept of
force, F. But how do we find the forces acting on an ob-
ject?

Let us first establish with what other objects a given
object interacts. Then we can find how the given object
interacts with the others and in what ways (type of inter-
action).
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As noted earlier, for classical physical systems the fol-
lowing types of interaction play an important role: the
gravitational (Newton’s law of gravitation F =
Gm,m,/r?) and the electromagnetic (its particular ma-
nifestations are the Coulomb force F = Q,Q,/4me, er?,
the Lorentz force F = Qo X B, the friction force Fy, =
IN, and the elastic force F = —kz). Thus, it is only
as the result of the interaction of a given object with an-
other object that several different forces may act on the
given object. It is impertant to understand that these
forces differ qualitatively. The next step is to evaluate
each force quantitatively, that is, determine the order
of magnitude of each force. It may so happen that some
forces are so weak that they can be ignored in the condi-
tions of a specific problem.

Example 11.1. Two objects of masses my =1 kg and
m, = 2 kg are connected by a massless siring and move in
the horizontal plane (on Earth) under a force F = 10 N

LY
Ny
my my
15 R ]

il [ F
Fr e Ymg

™9
Figure 11.1

directed horizontally and applied to object m, (Figure 11.1).

Determine the forces acting on each object if the coefficient

of friction between m, and m, and the horizontal surface is
2.

=0.

Solution. Consider the object m,. Force F is applied to
it, as the hypothesis states. What are the other forces
acting on m,? Object m, interacts with Earth, the string,
and object m,. With Earth m, interacts through New-
ton's law of gravitation and, hence. the force of gravity
m,g acts on object m;, downward. Next, object m, inters
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acts with Earth elastically, and this fact manifests it-
self in the appearance of an elastic force N; exerted by
the support (the horizontal plane) on object m;. This
force points upward. Furthermore, as a result of the in-
teraction of object m, with Earth there appears a force of
friction Fir = fN,. Finally, object m, can interact with
the string only elastically, that is, there is a tensile for-
ce F pomtmg to the left and acting on ob]ect my (since
the string is less, the gravitational be-
tween m, and string is nil). Object m, can interact with
object m, only via Newton's law of gravitation, but this
interaction is so weak that in the conditions of the pres-
ent problem it can be ignored. Thus, there are five
forces acting on object m,: F, m,g, Ny, Fi,, and Fi.

Reasoning in the same manner, we can demonstrate
that there are four forces acting on object m,: the tensile
force Fi, the force of gravity m,g, the elastic force N
exerted by the support (the horizontal plane), and the
force of friction Fy, = fN,. Only two elastic tensile
forces Fi and F; act in the massless and nonexpandable
string. On the basis of Newton's second law,

F = ma, (11.1)

we conclude that these forces are equal in magnitude,
F; = F{ (since the string is massless, or m = 0, accord-
ing to Newton's second law we have for the string

‘—F'—Oxa.orF. ).

Newton’s second law is the fundamental law of parti-
cle dynamics. It is valid only in an inertial reference
frame for a single object (a particle).

- In the particular case where objects move with speeds
considerably lower than the speed of light in empty space
(v< ¢), Newton's second law can be rewritten as

md_F (11.2)

or
m—=F. (11.3)
If Newton’s second law is written for a noninertiat

reference frame, the right-hand sides of Egs. (11.1)-
(11.3) contain forces of inertia.
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The content (or physical meaning) of the fundamental
faws (11.1)-(11.3) lies in the fact that a change in momen-
tum mv or velocity v of a particle is due to and deter-
mined by the action of forces. Hence, if we know the forces
and the initial conditions (the position and velocity of
a particle at the initial moment of time), we can find the
variations in the particle's motion. This constitutes the
basic (ideal) problem of dynamics: given the forces and
initial conditions, determine the change in the motion of
the system (the mechanical state of the system).

To find the change in the motion of an object, we must
know the law of motion of the object. Determining the
law of motion from a known parameter of the motion (and
the initial conditions) constitutes, as we have just esta-
blished, the essence of an inverse problemn of kinematics.
In dynamics a parameter of the motion of a particle can
be found by consistently applying Newton's second law
to describe the motion of each object in the systemn. This
law is written in the form

a=Fm (11.4)
(then the acceleration vector a of each object is determined
and, by solving the inverse problem of kinematics, the
law of motion is established) or in the form (11.2) (then
the velocity vector of each object is determined and, by
solving the inverse problem of kinematics, the law of
motion is established) or in the form (11.3) (then the law
of motion is established directly by solving this differen-
tial equation).

To write Newton’s second law correctly in each specific
case, we must know the method of application of this law.
This method has been discussed with sufficient detail in
Section 1.

Example 11.2. A imassless pulley is fastened to the
top of a wedge whose mass is my = 10 kg (Figure 11.2).
A massless and nonexpandable string is flung over the pulley,
and the ends of the string are tied to blocks of masses
m, =1 kg and m, =10 kg. The coefficients of friction
of blocks m, and m, against the faces of the wedge are
f = 0.2 and f, = 0.1, respectively, and the coefficient of
friction of the wedge against the horizontal plane is f, = 0.3.



Ch. 3. The Motion of a Particle 59

The angles formed by the faces of the wedge with the hori-
zontal surface are a; = 30° and a, = 60", respectively.
Find the tensile stress developed by the string.

N

Figure 11.2 Figure 11.3

Solution. The problem is complicated. Let us try to
simplify it and then lift the simplifying assumptions one
by one.

Let us assume that (a) f; = 0, (b) @, =0, (c) @, = 90°,
and (d) f; = oo (the wedge is fixed to the horizontal sur-
face). Then we get a relatively simple problem which
can be formulated as follows: two objects (blocks) of mass
m; = 1kgandm, = 10 kg are fastened to the ends of a mass-
less, nonezpandable string flung over a massless pulley
(Figure 11.3); object m, can move along a smooth, fized
horizontal surface; find the tensile stress developed by the
string.

Let us solve this simplified problem. The physical
system will incorporate four objects: block m,, block m,,
the string, and the pulley. Blocks m; and m, may be
thought of as particles. The mechanical motion of the
objects constitutes the physical phenomenon occurring
in the system. The objects constituting the system in-
teract between themselves and with external objects (the
horizontal plane and Earth). Owing to these forces the
objects of the system (excepl the pulley) move rectilin-
early and with uniform acceleration. Thus, we have
a basic problem of dynamics. For its solution we employ
Newton's second law in the form (11.4). This law can
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be applied only to particles m, and m, (the string and
the pulley are not particles). Let us tahe the support as
the inertial reference frame and send the X and Y axes
as shown in Figure 11.3.

Consider particle m,. The following forces act on it:
the force of gravity m,g (which emerges as the result of
the interaction of mdss m, with Earth through Newton's

“law of gravitation), force N exerted by the support (the

elastic force of interaction of m, with the support, which
is the.horizontal plane). and the tensile stress F, devel-
oped by thestring (due to the elastic interaction of particle
m,y anil the string). The other forces are \\eak The above-

and Y axes. Hence, we can lmmedlate]y write New:"
ton's second law in the form of two equations in terms
of the projections on the X and Y axes:

myay = Fy, (11.5)

mya,, ,8 — N, (11.6)
where a,, and a,, are the projections of the acceleration
vector a, of particle m, on the X and Y axes. Since q,, = 0,
we have N = m,g.

Let us now conslder particle m,. Two forces act on
this particle, the force of gravity m,g and the tensile
stress Fy developed by the string. Figure 11.3 shows that
the projection of these forces on the X axis is zero and
that the algebraic sum of the projections of these forces
on the Y axis is m,g — F,. Ilence. by Newton's second
law for m, we obtain

matz, = mag — Fi, (1.7

where a,,, is the projection of the acceleration vector a,

of m, on the Y axis. It can easnly be demonstrated that

the projection of a, on the X axis is nil (a., = 0). Since

1x = Gy, = a, the system of equations (11.5)-(11.7)
acqnn‘es the form

ma = Fy, (11.8)
mea = myg — Fy. (11.9)

* Thus, we have set up a closed system of two equations
with two unknowns (¢ and F,). Physically the problem
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has been solved, that is, the physical stage of the solu-
tion has been completed.

Solving the derived system of equations (11.8), (11.9),
we arrive at an answer in general form:

L
== (11.10)
Fy= m’:‘i"’;’ g. (11.11)

Substituting the necessary numerical values, we arrive at
a =~ 8.9 m/s® and F; ~ 8.9 N. We have thus completed
the mathematical stage of the solution.

It is now advisable to go through the last stage of the
solution, the analysis. Formula (11.10) shows that the
acceleration of the system depends on both the value of
m, and the value of m,. Let us consider two limiting
cases: (1) m;>> m,, and (2) m; € m,. In the first
a = gmy/m,, that is, acceleration a is low (a small object
m, pulls an extremely large object m,). In the second
case a = g, that is, the system moves thanks to the large
object m, with almost the maximally possible (in the
given case) acceleration equal to g. In the same manner
we can analyze, via (11.11), the dependence of the ten-
sile stress Fy on the values of m, and m,.

Now let us lift the simplifying assumptions. (a) Suppose
that the friction coefficient f, is not zero. Then there
appears an additional force acting on object m,, the
friction force Fy, = f,N, pointing in the negative di-
rection of the X axis. The conditions in which object m,
operates remain unchanged. Applying Newton's second
law to each object, we arrive at a closed system of equa-
tions:

ma = Fy — fimg, mea = myg — Fy.
Solving the system, we get

a=%’:ﬂ"’)‘y, (11.12)
Fo=mmlhg, (1143

which yield a &~ 8.74 m's* and F, =~ 10.68 N.
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If we compare (11.12) with (11.10) and (11.13) with
(11.11), we see that allowing for friction forces diminishes
the acceleration of the system (by what factor and on
what does this reduction depend?) and increases the ten-
sile stress developed by the string.

(b) Suppose that a, =0 and f, % 0. The conditions
in which block m, operates remain unchanged. The
forces acting on m, and m, are shown in Figure 11.4.

Figure 11.4 Figure 11.5

Allowing for the fact that N, = mygcos @, and Fy, =
/Ny = fmyg cos a,, we arrive at the following
closed system of equations:
mya = Fy — f,m,g cos a; — m,g sin a,,
mya = m,g — Fy.
Solving the systemn, we get
my— Jym, cOS &y — m, Sin &y

a= FIETTA 8.
mymy (14 /3 cos @y sin ;)
F nyFmy &

which yield a =~ 8.32 m/s* and F, =~ 14.9 N. Thus, the
acceleration has further diminished and the tensile stress
has increased.

(c) Suppose now that a, 0, a, 5= 90°, f, =0, and
f» %= 0. The forces acting on objects m, and m, are de-
picted in Figure 11.5. Newton's second law as applied
to objects m, and m, yields

ma=F,— Fi,—m,gsina,. (11.14%)
mya=mygsina,— F . — F, (11.15)
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Allowing for the fact that N, =m,gcosa,, N, =
mzx cos as Fir = hN, = fimyg cos @, and

= fym,g cos @,, we can write the system of
equauons (H 14), (H 15) as follows:

mya = Fy — fym,g cos @, — m,g sin a,,
Mm@ = mag sin @y — fym,g cos @y — Fy.

Solving this system, we get

__ mysina,—fym,; cos @y — fym, cos @y, —m, sin @,
a="% 2 - +m,l 21 g, (11.16)
F.: mym, (sin &y + fy cos @y +sin @y — f, cos ay) e (“.”)

T mg

which yield a =~ 6.62 m/s?and F; ~ 13.2 N.

We see from (11.16) and (11.17) that acceleration @
has further diminished and the tensile stress developed
by the string has also diminished in comparison with its
value in case (b). The case (d) (the wedge is not fixed to
the horizontal surface) will be considered later.

Equations (11.16) and (11.17) show that the sought
quantities (acceleration a and tensile stress F,) depend in
a very complicated manner on the other parameters of
the physical system: the masses m; and m,, the angles
a, and a@,, and the coefficients of friction f, and f,. This
dependence can be studied analytically.

Knowing one of the kinematic quantities of a physical
system (say, acceleration a), we can arrive at the law
of motion by solving the inverse problem of kinematics.
If the initial velocity of the system is zero, the law has
the form z = z, + at?/2, where z, is the initial position
of one of the two blocks. Hence, one can find the velocity
of any block in the system at an arbitrary time t, the
position of each block in space, and other physical quan-
tities characterizing the objects in the system and the
physical phenomena occurring in it. For instance, we can
find the momenta of blocks m; and m, in the system
(py = myv,, p, = m,v,), the values of the respective
kinetic energies Ey, = m}/2 and Ey, = mp?/2, and
so on.
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Thus, by solving the basic problem of dynamics {this
amounts to finding the law of variation of one kinematic
quantity (acceleration a (¢), velocity v (¢), or the radius
vector r (t)), we can determine the mechanical state of
a physical system.

The problem we have just solved can be made still
more complicated by assuming, say, that not two but
three or more blocks are connected by strings, that there
are two or more pulleys. that the wedge has three or
roore faces (instead of two) along which the blocks can
move, and so on. In short. we can formulate dozens of
similar problems whose principal idea is the same. It
is important to note that all these can be solved by the
same dynamical method. In Example 11.2 we considered
several problems of varying complexity, but in their
essence they were all the same problem and were solved
by applying a single dynamical method.

Note that the problems solved in Example 11.2 had
one very characteristic feature in common, that is, the
forces acting on the objects in the system were all con-
stant. In all problems of this kind the law of motion can
be formulated in advance: if the motion occurs along the
X axis, the law is £ = z, + Vpst + a.t*/2 (similar equa-
tions can be written for the movements along other axes).
Thus tl\e mouon of ohjects m this case is uniformly ac-

d)

Let un no\\ consider examples of more complicated
problems involving forces that are not constant.

Example 11.3. A skydiver of mass m = 100 kg is making
a delayed drop with an initial speed v, = 0. Find the law
by which the skydiver's speed varies before the parachute is
opened if the air drag is proportwnal to the skyduwer's speed,
Fq = — kv, with k =20 kg's.

Solution. The physical system in the given case con-
sists of a single object, the skydiver, which can be con-
sidered as being a particle. The physical phenomenon
studied here is the motion of the particle as a result of
the particle’s interaction with external objects (Earth
and air). We must find one of the kinematic parameters
of the particle's motion, the speed as a function of time.
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This is a basic problem of dynamics. We apply Newton's
second law (the conditions of applicability of this law
are met). For the inertial reference frame we take Earth
(Figure 11.6). We place the origin at the point where the
skydiver begins the jump, point O, and send the X axis
downward. Since the altitude k2 is small compared to
Earth’s radius, the acceleration of free fall may be as-
sumed constant: g ~ 9.8 m/s* = const. Two forces act
on the skydiver, the force of gravity m%and the air drag
Fq = — kv. Newton's second law enables us to obtain
a differential equation for the unknown function v (£):

md——mg kv.

Separating the variables, we obtain

Wk d(melk—v) _ _ &
“mak—v = —w it o —SEh— o
Integration yields
In (mglk —v)= — (k/m)t+ec. (11.18)

We find the arbitrary constant ¢ by employing the ini-
tial conditions (v =v, =0 at ¢ =0), which yield
¢ = In (mg/k). Substituting this value of constant ¢
into Eq. (11.18) and performing relatively simple ma-
nipulations, we find the law of variation of the skydiver's
speed of fall:

v="E (1 —e-tim), (11.19)

Equation (11.19) demonstrates that as ¢ tends to in-
finity the speed tends to its maximal value vy = mglk,
which amounts to about 50 m/s. Experience has shown
that it takes the skydiver a relatively short time inter-
val to achieve this speed and after that the skydiver
approaches Earth's surface uniformly at this speed.
Theoretically, the fall of a skydiver is always accelerated
(the speed grows continuously), but starting at a certain
moment in time the change in the skydiver’s speed can
be ignored and the skydiver can be assumed to be fal-
ling uniformly (at a constant speed).

5-0408
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Since the law of variation of the skydiver's speed is
known, we can find the law of motion of the skydiver by
solving an inverse problem of kinematics:

dz=v () dt, z(t)= s v () dt,
e (11.20)
T=—5t— — (1 —e-t/mx),

In finding the law of motion (11.20) we employed the
initial condition, z =0 at ¢t =0, to determine the
arbitrary constant.

Thus, the solution of the problem is complete.

Figure 11.6 Figure 11.7

Now let us make the initial conditions of the problem
more complicated: suppose that z =y =0 at ¢t =0
but the initial velocity has a horizontal component,
vo = {0, v,}. In this case the skydiver’s path of fall
is curvilinear (Figure 11.7). As formerly, two forces
act on the skydiver: the force of gravity mg and the air
drag Fg = — kv. But now the air drag F; is directed
along the tangent to the path and, hence, we must allow
for the vector nature of Newton's second law. Projecting
the air drag F4 on the X and Y axes and employing
Newton's second law, we obtain

s . mg — ko, (11.21)
d
ml = —h,, (11.22)
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where v, and v, are the unknown components of the ve-
locity vector v.

Separating the variables in Egs. (11.21) and (11.22)
and integrating with allowance made for the initial
condition (v; = 0 and v, = v, at ¢t = 0), we get

v, ="E (1 e-tumy), (11.23)
v, = vge~th/m1, (11.24)

Let us find the law of motion of the skydiver. Substitut-
ing the v, and v, values from (11.23) and (11.24) into the
relationships dz = v.dt and dy = v,d¢, we obtain two
differential equations for determining the two unknown
functions, the z (¢) and y (!) components of the radius
vector r (£):

dz= "'—: (1 —e-tkimity dp,  dy =v,e-thimt dt.
After integrating these equations and allowing for the
initial condition (z =y =0 at ¢t =0), we arrive at

the law of motion of the skydiver in parametric form
in the form of two equations:

8 | % (1 etm), (11.25)

y:—"‘T"" (1 — e-trmit), (11.26)

The law of motion can, of course, also be written in vector
form:

,(1)=[ﬂ, m% (|_g~wmn)]|+ [""’o (1_e-wmn)]j

Now, knowmg the law of motion, we can de!,ermme any
izing the given h
enon. for one thing, excluding time ¢ from the system
of equations (11.25), (11.26), we arrive at the equation
describing the trajectory of the skydiver:
T= - v['ﬂ (1~—-y)+—y]

mu,

Thus, this complicated problein too has been fully solved.
5
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The forces acting on a moving object may depend not
only on the object’s velocity but on time ¢, coordinates
z, y, and z, etc. Let us consider such a problem.

Example 11.4. The thrust of a braking engine is pro-
portional to time, F = — kt, where k = const. Neglecting
friction (and air drag), calculate the tume it will take an
object of mass m, with the braking engine mounted on the
object, to come to a halt. The object’s speed just before the
engine was turned on was v,. It is assumed that the mass of
the engine is much smaller than that of the object.

Solution. The physical system consists of a single
object of mass m, which can be assumed to be a particle.

Figure 11.8

The physical phenomenon occurring in this system
amounts to the object moving as a result of the interac-
tion with other objects. We must find one of the parameters
of the system, the duration of motion, ¢;,. The initial
conditions are obvious: v =v, and z =0 at ¢t =0.
The trajectory of the object’s motion is a straight line
(i.e. the motion is one-dimensional). The final speed of
the object is zero, or v = 0 at ¢t = ¢t;. Thus, the problem
considered here constitutes a basic problem of dynamics.

Let us use Newton's second law (its applicability con-
ditions are met). We take Earth to be the inertial re-
ference frame. There are three forces acting on the object
(Figure 11.8): the force of gravity mg, the elastic force
N exerted by the support on the object (these two forces
balance each other), and the thrust F = — kti of the
braking engine (the nature of this force is immaterial
to mechanics). Applying Newton's second law, we ar-
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rive at a for one

of time ¢, the speed v (t):
do() _
m—g—= —kt.

Separating the variables, integrating, and allowing for
the initial conditions (v = v, at t = 0), we find the
law of variation of the object’s speed:

v=v,—kt2/2m. 11.27)

If in this equation we set the final speed v equal to zero,
we arrive at an equation for finding the duration of mo-
tion, t;:

0=v,—ktj/2m.
This leads us to the formula for ¢,:

t, =V 2mwlk. (11.28)

After analyzing the solution, we can formulate other
problems, say, finding the braking distance. To determine
the braking distance z, we must know the law of motion.
The law can be found by solving an inverse problem of
kinematics:

=0t — kt%/6m. (11.29)

Substituting into the law of motion (11.29) the value
of the time ¢, taken from (11.28), we find the braking
distance:

Knowing the law of motion of an object, we can deter-
mine any parameters in a given physical phenomenon.
The problem can easily be made more complicated by
allowing, say, for friction.

We have thus considered scveral different problems in
particle dynamics. In some the forces were constant,
while in others the forces varied, but the approach to
all was the same: the use of the three Newton's laws of
dynamics (especially the second) to determine one para-
meter of motion (velocity v, acceleration a). The next
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step in finding the law of motion usually involved solv-
ing an inverse problem of kinematics.

The combined use of the three laws of Newton (es-
pecially the second law) constitutes the essence of
the dynamical method of solving physics problems.

This method can be generalized so as to incorporate
the case of noninertial reference frames. In Example 11.2
we did not consider case (d). Suppose that the wedge is
not fixed to the support, i.e. fy % co. Now in general
the wedge moves with an acceleration (a;) with respect
to the support (Earth) and no inertial reference frame
can be associated with it. 1f all the conditions of this
problem are taken into account, the problem becomes
extremely complicated (not in principle but technically).
Therefore, to illustrate the essence of applying the dy-
namical method when a noninertial reference frame is
involved, let us simplify the problem as much as possible.
We assume that friction is absent: f, = f, = f; = 0.
Next, we assume that m,, the string, and the pulley are
also absent and that a, = 90° (the last condition is
unessential: angle a, may have any magnitude). Thus,
we are considering the following problem:

Example 11.5. A particle of mass m, = 1 kg s placed
on the inclined surface of a smooth wedge of mass my; = 10 kg.
The wedge can move along a smooth horizontal surface.
The angle a, at the base of the wedge is 30°. Determine the
accelerations of wedge and block.

Solution. Two objects will constitute the physical
system: the particle m, and the wedge m;. A wedge can-
not be thought of as a particle, but in the conditions of
the present problem (the wedge moves rectilinearly)
we can assume approximately that, first, all the forces
applied to the wedge are applied at the wedge’s center
of mass and, second, that Newton's second law can be
applied Lo the wedge.

The physical phenomenon occurring in this system
is the motion of the two objects, m, and m,, where par-
ticle m, moves with respect to the wedge, and wedge m,
moves with respect to Earth. We must find the kine-
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matic characteristics of this phenomenon, the accelera-
tion of particle, a,, with respect to the wedge and the
acceleration of wedge, a,, with respect to Earth. This
constitutes a basic problem of dynamics.

Let us start by studying the motion of the wedge with
respect to an inertial reference frame, Earth. The X and
Y axes are directed as shown in Figure 11.9. Three forces

Figure 11.9 Figure 11.10

act on the wedge: the force of gravity m,g (due to the
interaction between wedge and Earth via Newton's law
of gravitation), the force N, exerted by the support on
the wedge (due to the elastic interaction between wedge
and Earth), and the force N, (due to the elastic interac-
tion of particle and wedge). By Newton’s second law,
maay = myg + Ny + Nj. (11.30)
Projecting Eq. (11.30) on the coordinate axes, we get
myas, = Ny sina;,
maay, = myg + Ny cos a; — Ny,
where a;, and g, are the of the
vector a; along the X and Y axes, respectively. Since
a5, = 0 and therefore a;, = a,, we get
mgay = N, sin a,, (11.31)
0 =myg + Nycosa, — N, (11.32)
We have an open system of two equations in three un-
knowns: a,, N,, and
To find a closed system of equations let us study the
motion of the particle with respect Lo the wedge. Since
the wedge moves in an accelerated manner, the reference

1 ion
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frame linked with it is noninertial. Wo direct the coor-
dinate axes as shown in Figure 11.10. Writlen in a non-
inertial reference frame, Newlon's second law assumes

the form
ma=Y F+F, (11.33)

where the summation means the vector sum of “common”
forces acting on an object of mass m moving with an
acceleration a with respect to a noninertial referonce
frame, and F, is the force of inertia, which in our case
(translational motion) is equal to —m,a;. Three forces
act on the particle: the force of gravity m,g (due to the
interaction between particle and Earth via Newton’s law
of gravitation), the force N, exerted by the wedge on
the particle (due to the elastic interaction botwoen par-
ticle and wedgo), and the force of inertia F;. By Newton’s
second law (11.33),
ma; = m,g + N; 4 Fy.
Projecting this equation on the coordinate axes, we get
mya,, = m,g sin a; + m,a; cos a,, (11.34)
myay, = m,g cos @, + mya, sin a, — N,. (11.35)
Since a,, = 0 and, therefore, a,; = a,, from (11.34) and
(11.35) we get
mya, = m,g sin a; + m,a, cos a,, (11.36)
0 = m,g cos @, — myaysina, — N,. (11.37)
The systom of four equations, (11.31), (11.32), (11.36),
and (11.37), is closed (the unknowns are N;, Nj, a,, and
ag). Solving this system of equations, we find the sought
quantities:
_ _mmgcosa, _ { my cos?a;
Ny= my+m, sinta; ' N,—m,g(‘l + my+my sin’a;) '
- myg cos® a,
=gsina, + mysina;+my/sina; *
m;g cos &y
mysina;+my/sina; *
which yield N,~ 8 2 N, N, =~ 105 N, a; ~ 5.25 m/s?,
and a3 2 0.41 m

ay=
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12. Mechanical Oscillations

The most common types of oscillations considered in
the general physics courso are free continuous oscillations,
free damped ill and forced ill A char-
acteristic feature of oscillatory motion is that such mo-
tion occurs under the action of variable forces. Conse-
quently, after applying Newton’s second' law, we are
left with a differential equnuon (usnally not in vnctor
form since one-di are

in the majority of cases).

Example 12.1. Suppose that a vertical shaft has been
dug through the center of Earth along Earth's diameter. A
small object of mass m is
lowered into the shaft at X
Earth's surface and released
without initial ‘peed De-
termine the object’s speed at
the center of Earth. Ignore
air drag.

Solution. The physical
system consists of the
object, which can be tho-
ught of as a particle. Earth
is considered being an
external object. Owing to
Earth’s gravity the object
moves in an accelerated Figure 12.14
manner toward the cepter.

After the object has passed the center, it proceeds toward
Earth’s surface but in a decelerated manner. Since there
is no air drag, the object reaches Earth’s surface at the
other end of the shaft and then, reversing its direction
of motion, again begins to move toward Earth’s center
in an accelerated manner. Thus, here the physical phenom-
enon consists in the oscillatory motion of the particle.
Let us apply Newton's second law. We link the inertial
reference frame with Earth, place the origin at Earth’s
center, and direct the X axis as shown in Figure 12.1.
Let us consider an arbitrary point on the X axis where
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the particle is at time ¢; the distance from Earth’s center
to this point is z. When the particle is at this point, there
is a force of gravity acting on it from the ball of radius z:

F,=G M (12.1)

where M, is the mass of this ball. Suppose that Earth’s
average density is

. M

P= @@
where M =6 x 10 kg is Earth’s mass, and R ~
6400 km is Earth’s radius. Then M.
(4/3) npz®, and the expression (12.1) for the force
of gravity assumes the form

—= (4/3) nGpmz.

It can be proved that the force of gravity generated by
the remaining spherical layer of thickness (R — z) is
zero.

Applying Newton’s second law, we arrive at the differ-
ential equation describing the oscillations of the particle:

mz= —~F,, or 'z'+(4/3)nsz=0.

which coincides with the diff ial equation describ-
ing free continuous oscillations if we put
= (4/3) nGp.

Thus, a particle dropped into the shaft will perform har-
monic oscillations according to the law of motion

T = z, sin (0ot + ). (12.2)
The amplitude z, and the initial phase a, can be.(ound
:{ ap=plyiflg the initial conditions (z = Randv =2z =0
R = z,sin a,, 0 = 7,0, cos a,.
Hence, a, = n/2 and z, = R. The law of motion (12.2)
assumes the form
= Rsin (0t + n/2).
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Knowing the law of motion, we can now determine
any physical quantity ch izing the given ph
enon. Let us find the speed of the particle at Earth’s
center:

v=z= Ruy, cos (wot + 7/2).

Since at Earth’s center (the origin) z = 0 and, hence,
sin (0ot + 7/2) = 0, we have cos (0ot + n/2) = 1. The
sought speed is

v=Ro,= V GM/R, v=1.8 km/s.

We see that the speed is equal to the circular-orbit speed
for Earth. The period of oscillations is

T,,=-2;-:=2nl/%, T, ~ 90 min,

which is equal to the period of revolution of an artificial
satellite around Earth in an orbit whose radius is equal
to Earth’s radius.

This problem can be made more complicated if we al-
low for air drag. Let us assume that air drag is propor-

tional to the speed of the particle: Fq = — rz. Then
Newton's second law yields a differential equation for
the resulting damped oscillations:

T+ 262 + (4/3) nGpz =0,
whose solution is

z= 1,2~ % sin (0t 4+ ,),
with

4 [ r
m=l/T"GP_W‘ 6—_5, ]

The initial amplitude z, and the initial phase @, can be

found from the initial conditions (zx = Rand v, =z =0
at ¢t = 0):

R = z,sina,, 0 = — 8sina, + o cos a,.
Hence,
Z,=RV 1+ (B/w)?, a,=tan™! (w/f).
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Consequently, here too the dynamical method has led us
to the complete form of the law of motion:

z=RV T+ (6/0)2e-% sin (ot + tan~! (0/8)].

Example 12.2. A chunk of ice in the form of a parallele—
piped of base area A =1 m* and height H = 0.!
floating in water. The chunk is submerged to'a small depth
zo = 5 cmrand then released. Find the period of oscilla-
tions. Ignore the force of resistance of water.

Solution. The physical system consists of one object,

the chunk of ice. Earth and water are the external objects.
The physical phenomenon here consists in the fact that

Figure 12.2 Figure 12.3

first the chunk was at rest and then it started to oscillate.
In the conditions of the problem we cannot consider the
chunk to be a particle, but it is easy to see that all of
its points behave in the same manner. Hence, to solve
the problem we need only describe the motion of one
point of the chunk, say its center of mass. Let us apply
Newton's second law. For the inertial reference frame
we take the water (it is assumed that it remains static
and that any change in its level due to the submergence
of the ice can be ignored). We place the origin at the
surface of the water and direct the X axis in the manner
shown in Figure 12.2.

Let us consider the state of the ice parallelepiped
prior to submergence. The ice is in a state of equilibrium.
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Two forces act on it: the force of gravity mg=p,; Vg =
pie AHg (where pi e =900 kg/m® is the dens-
ity of the ice) and the buoyancy force F, = p,Ahg
(wWhere pg = 10° kg/m® is the density of the water and
h is the depth of submergence in the state of equilib-
rium). Newton's second law yields

pcAHg — pyAhg =0, (12.3)
whence b = (pce/pw) H.

We now wish to know what happens when the ice is
submerged to an additional depth z (where z is arbitrary
but small; see Figure 12.3). As a result of the additional
submergence there appears an additional buoyancy force
F = pgAzg = p,Agz. Combining (12.3) with Newton's
second law, we arrive at the differential equation of free
continuous oscillations:

mz= —pgAgz, or .t+uj'o:c=0 (12.4)
where ’ -
2 Pwg

o= (12.5)
Equation (12.5) can be used to determine the sought
quantity, the period of oscillations:

R I/P“—e” (12.6)

This formula yields Ty =~ 1.3 s.

Equation (12.6) shows that the period of oscillations
is independent of the base area A4 of the chunk of ice, which
implies that this quantity is superfluous. The denfsitiés
Piee and p,, must be taken from tables.

From (12.4) and the initial conditions (z = z, and

z=0att= 0) we can find the law of motion:

& =:1,8in (0t + 1/2).
Thus, the ice oscillates harmonically. In real conditions
the oscillations are, of course, damped. Let-us then make

the problem more complicated and allow for the resis-
tance of water. We will also change the initial conditions.
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Example 12.3. The wce from the previous example is giv-
en a push downward and thus a speed v, is imparted to
it at the initial moment of time. Determine the speed at an
arbitrary moment of time if the force of resistance of the
water is proportional to the speed of the chunk, F, = — rv,
where r is the proportionality factor.

Solution. Obviously, the ice will perform damped os-
cillations. Applying Newton's second law, we arrive at
a differential equation describing these oscillations:

mz= —r:':—-p..Ag:.
or
z426z+ wir=0, 12.7)
where 8 = r/2m is the damping factor, and «, =
VowglpicH is the natural frequency.

As is known, the solution to Eq. (12.7) is given by the

function

z=z,0"% sin (0t + o),
where o is the frequency of damped oscillations:
o= Ve — 0.

The initial amplitude z, and the initial phase @ can
be found from the initial conditions (x = 0 and z= vy
at t =0):

0 =zysina,, v, = — z¢8sin @y > 7w cos a,

whence @, =0 and z, = vy/0.
Thus, we have the lol]owmg law of motion of the
chunk of ice:

v, .
z=-Le Ysinot.
©

From this we can easily proceed to the formula for the
speed of the ice at any arbitrary moment in time:

v=z~- Uy (cos«vt - % sin (nt) et
We can easily see that in the conditions of Example

12.3 the base area A is no longer superfluous and plays
an important role in calculations.
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Example 12.4. The plates of a plane air capacitor are
positioned vertically. A smooth dielectric shaft connects
the plates horizontally, and along this there can slip a
small hollow cylinder of mass
m = 10-° kg attached to a spring U= sint
whose constant is k = 107" N/m
(Figure 12.4). The cylinder car- Q
ries an electric charge Q = 10-8C. ##D:
An alternating voltage U= m
U, sin ot with Uy =104V is ap- k
plied to the plates. Determine at
what frequency © the amplitude
of the oscillations of the cylinder Figure 12.4
will be z, =1 cm. The distance
between the plates is d =10 cm. Air drag can be ignored.

Solution. The physical system consists of a single object,
the cylinder carrying an electric charge. The variable
electric field existing between the plates drives the cy-
linder, which performs forced oscillations. Applying
Newton's second law, we arrive at a differential equa-
tion for these oscillations:

a

mr= - kx4 % hsinwt, or ;lr'+w‘,,.r= ?’Z" sin of.

The solution to this equation is given by the function

z = z, sin wt, (12.8)
v,
Zy= (—%fwﬁ . (12.9)

The law of motion (12.8) implies that the cylinder oscil-
lates harmonically. The sought frequency can be found
by solving Eq. (12.9):

om )/ E_20
x

mdr,

which yields o &~ 9.5 rad/s.
We have studied several examples involving mechan-
ical oscillations. All have been solved by the same dy-
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namical method. Thus, mechanical oscillation problems
constitute a particular case of the basic problems of dy-
namics.

13. Conservation Laws

In addition to the kinematic and dynamical methods for
solving physics problems there is one more method, pos-
sibly a more important one, the method of applying con-
servation laws. This method is more universal than the
first two. While the use of the kinematic and dynamical
methods is restricted to classical physical systems, the
conservation-law method can be applied to both classical
and quantum systems.

It must be noted, however, that when applied to clas-
sical physical systems the kinematic and dynamical me-
thods are more general than the conservation-law method.
This is especlally true of mechamcal systems. In prin-
ciple any f bl can be phys—
ically solved via the ki ic and dy
or simply the kinematic-dynamical method. The same
cannot be said of the conservation-law method: far from
all mechanical systems can be solved by applying the
conservation-law method. But in the more complicated
systems the conservation-law method sometimes leads
to a result faster than the kinematic-dynamical method.

We have already noted that there is no one universal
method for solving physics problems. What is important
is a system of methods. Therefore, it is meaningless to
contrast one method with another: each has its strong and
weak points. Nature is so diversified in its properties and
manifestations that to reveal the various relationships
in physical phenomena we need an intelligent combina-
tion of various methods. Hence, in solving physics prob-
lemns it is also advisable to use a system of methods, in-
cluding the kmernauo«dynamlcal method and the conser-
vation-law method.

The method now to be oonsulered is based on a group
of conservation laws. There are quite a number of such
laws in physics. The following four are used for classical
systems: the law of momentum conservation, the law of
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energy conservation (for mechanical systems its particular
case is employed, the law of energy conservation in me-
chanics), the law of angular momentum conservation, and
the law of electric charge conservation. What is common
to all four laws is the statement that a certain physical
quantity is conserved in certain conditions. If the con-
served physical quantity is denoted by A and the set of
conditions in which the particular law holds true by B,
conservation laws can be formulated in a generalized
manner thus:

if conditions B are met, then A = const, or in
equivalent form, if conditions B are met, then
AA =0, where A4 is a variation_of 4.

In the majority of cases conservation laws are applied
if the objects in the system interact. Three stages must
be distinguished in such interaction: the first is the state
of the objects prior to interaction, the second is the
interaction itself, and the third is the state of the objects
after interaction. The interaction process is unimportant
to conservation laws. What is important is that the
value of the corresponding physical quantity does not
change as a result of such interaction (i.e. its values be-
fore and after the interaction must be equal). Therefore,
the conservation-law method consists of the following

steps:

(1) establish what objects are included,in the physical
system;

(2) check to see whether_conditions B are met;

(3) select an inertial reference ‘rame (with respect to
which we will subsequently find the values of A);

(4) find the value of A prior to interaction (we denote
this by 4,);

(5) determine the value of A after interaction (we
denote this by A4,);

(6) write the conservation law in the form 4, = 4,
or in the form A4 =0 (4, — 4, = 0); and

(7) if the law is a vector one, it is usually “projected”
onto the coordinate axes; the result is three equations,
Az = Ay, Ay = and 4,, = A,,, which are
equivalent to the vector equation.
6—0498
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In this section we consider only two laws: the law of
momentum conservation and the law of energy conser-
vation in mechanics. The other laws will be discussed later.

Example 13.1. The inelastic collision. Two objects with
masses my = 2 kg and my = 3 kg that have been moving
with velocities v, = (3i + 4j) and vy = (—2i -} 3j) uuth
respect to a certain inertial ref frame collide inel
ally. Find their velocity v a/ter collision. The effect of other
objects can be ignored.

Solution. The physical system incorporates Lwo objects,
my and m,. Since the terms of the problem allow us to
neglect the effect of external objects, the system is closed.
Note that the laws of motion cannot be established (if we
use the kinematic method) unless we know the initial
conditions (i.e. the position of the objects at ¢ = 0). The
physical phenomenon here is the inelastic interaction of
the two objects constituting the closed system. Given the
masses and the velocities of the objects prior to interac-
tion, find the velocity of the objects after interaction.

We apply the momentum conservation law. The pos-
sibility of applying this law has been verified. The iner-
tial reference frame has been selected in the hypothesis.
Let us determine the momentum of each object prior to
interaction and find the vector sum of the momenta:
P1 = myV, -+ myv,. Next we find the momentum of the
system after interaction (as a result of the inelastic col-
lision the objects stick together and move with a common
velocity v): p, = (m,; - my) v. By the law of momen-
tum conservation,

my; + mevy = (my + my) v,

whence

v= Vit ——F—V,

my
my+my m|+'n-

Projecting this vector equation on the coordinate axes,
we find the components of the sought velocity vector:

Vit

my
—— ™ My v, =0;
Vs =, m,+m 20 Uz

——m M 1
U=ty Ut ey Y %= s
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Thus, the two objects will move along the Y axis with
a speed v, = 17/5 m/s.

Sometimes the chosen physical system as a whole is
not closed and, hence, the momentum conservation law
cannot be applied. But the system may prove to be closed
along a certain direction (say, along the X axis); in other
words, the algebraic sum of the projection of external
forces on this direction is zero. Then we can write the
momentum conservation law (only for this direction)
in the form

Prx = Pax

Example 13.2. A cart with sand whose combined mass
M is 100 kg is moving in a straight line and uniformly
along a horizontal surface with a speed v, = 3 m/s (Figu-
re 13.1). A ball of mass m = 20 kg falls onto the cart from

Figure 13.1

a height h = 10 m reckoned from the surface of the sand
(the initial speed of the ball is zero). Determine the speed
of the cart-sand-ball system after the interaction. Friction
can be neglected.

Solution. The physical system consists of the cart
with sand (considered as a single object) and the ball.
It is not closed, since prior to interaction Earth’s grav-
ity acted on the ball and this force was not balanced by
any other external force. So, generally speaking, the
momentum conservation law cannot be applied. But in

o
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the direction in which the cart is moving no external
forces act. Hence, in this direction the momentum con-
servation law can be applied. We link the inertial re-
ference frame with Earth and direct the coordinate axes
as shown in Figure 13.1. The component of the momen-
tum vector p, of the system along the X axis was p;» =
My, prior to interaction; the same component after
interaction was p,; = (M + m) v, with v the sought
speed. By momentum conservation,

My, = (M + m) v,
whence

My,
V= (13.1)

which yields, after we substitute numerical values,

v = 2.5 m/s. Equation (13.1) shows that the sought speed

does not depend on s and, hence, the data on k is super-

fluous.

We could include Earth as an object comprising the
physical system. Then the system of the three objects will
be closed. Since Earth now belongs to the physical sys-
tem and owing to the force of gravity generated by the
ball will move in an accelerated manner with respect to
an inertial reference frame, we cannot link an inertial
reference frame with Earth, strictly speaking. But it can
easily be demonstrated that Earth’s speed and accelera-
tion (in conditions of this and similar problems, where
the masses of objects are extremely small if compared
to Earth's mass) at any moment in time are so small that
they can be ignored and Earth can be considered as a
fixed object.

Let us find, for instance, the speed that Earth will
gain as a result of interaction with the ball (the maximal
value of the speed which Earth could gain in the condi-
tions of the problem). Very often in physics an inertial
reference frame is selected as linked to the center of mass
or center of inertia of the system. In what follows we
denote this reference frame as the center-of-mass (CM)
reference frame, or the ter-of-inertia (CI)
frame. By the center of mass of a system we mean the
point whose radius vector rcy is determined from the
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equation

myry
rom= 2;', LA (13.2)

2™
It can be demonstrated that the CM of a system moves like
a particle whose mass is equal to the total mass of the system,
while the acting force is equal to the geometric sum of all the
external forces acting on the system (the theorem on the
motion of center of mass). Let us write the equation of

motion of the center of mass:

dVem _ =
m=gr=2Fu

where m = Xim, is the total mass of the system, Ve
the velocity vector of the CM, and 2 F, the vector sum
of the external forces.

If the physical system is closed, then 2 F, = 0 and
Vewm = const, that is, the center of mass of a closed sys-
tem moves uniformly and in a straight line. Hence, the
reference frame linked with the center of mass of such
a system is inertial. Since in the CM reference frame the
origin coincides with the center of mass, rcy =0, and
(13.2) yields

> myr, =0. (13.3)
Differentiating (13.3) with respect to time ¢, we get
X myv,=0, (13.4)

that is, the momentum of a closed system with respect
to the CM reference frame is zero at any moment in time.
Let us apply this result to calculate the increase in
Earth's speed as the result of interaction between Earth
and the ball (Figure 13.2; the origin of the CM reference
frame, O, is shifted slightly to the right). Equation (13.4)
yields

Mvg — mpay =0, 13.5)
where M is Earth's mass, vg Earth’s speed (more exactly,

the increment of the speed due to the interaction between
Earth and the ball), m the mass of the ball, and vyan
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the speed of the ball. Equation (13.5) can be used to
find the sought speed:

ug=.% pM"=-%-V2_gh, vp a5 X 1073 m/s.

This speed is fantastically small. Moving at such a speed,
it would take Earth 6 X 10'? years to shift by a distance
of 1 cm. In what follows, when studying the motion of

M

Figure 13.2

objects whose mass is small compared with that of Earth,
we ignore the interaction between Earth and such objects
and assume Earth to be stationary.

The law of energy conservation in mechanics is linked
to the notions of kinetic, Ey, and potential, E,, energies.
Another extremely important concept is that of work,
W. As is known, a force F performs an amount of work
over an elementary displacement dr equal to

dW = F-dr. (13.6)
The work performed by force F over a path ! is expressed
by the integral

W= F.dr, (3.7
7

where the integral is evaluated along curve I.

There are cases where we have to know the work per-
formed in rectilinear motion. Since dr = idz + jdy +
kdz, we can represent (13.6) in the form

dW = F-i dz + F-jdy + F-kdz
= F dx cos @, + F dy cos o, + F dz cosa,,



Ch. 3. The Motion of a Particle 87

where a,, a,, and a4 are the angles that the force (vector)
F forms, respectively, with the unit vectors i, j, and k
pointing along the X, Y, and Z axes. If the motion is
along a straight line (say, the X axis),

dW = F dz cos a.

The work performed by force ¥ along the segment from
z, to z, in this case is determined by the formula
Xy
W= S Fcosadz.
%

If the force is constant, we have no difficulty in cal-
culating the work. Often the DI method is used when a
calculation is done of the work performed by a variable
force (see Section 6). Let us restrict our discussion to the
rectilinear case and assume that |cosa | = 1. A force
may depond on the z coordinate (in the general case, on
the y and z coordinates also), on the components of the
velocity v, = v (in the general case on the other compo-
nents of v as well), and on time ¢.

Let us start with the case where the force depends on
position, or F = F (z). The elementary work done by
such a force is

dW = F (z) dz.
The work perforined on the segment from z, to z, is
A
W=\ F(z)dz.
P2

Example 13.3. First an object 1s lifted from the bottom
of a shaft of depth Iy = R/2 (R is Earth’s radius) to Earth's
surface and then it is lufted still higher, to an altitude h, =
hy = R/2 above Earth’s surface. In which :zase is the
work done greater?

Solution. We can easily see that this problem involves
an estimate. To answer the question posed by the prob-
lem, let us find the ratio W,/W,, where W, is the work
done in the first case and W, in the second. In both the
work is done against the force of gravity, but the laws
describing these forces are different. Exampe 12.1 showed
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that the force of gravity in the first case is
F,=(4/3) nGpmz,
while in the second it is
Fy=GmM]/z2.

The variation of these forces is illustrated in Figure 13.3.
Thus, the forces are variable, and to calculate W, and

F

T 3R %
Figure 13.3

W, we must apply the DI method. The elementary work
done over dz are
dW, = F, (z) dz and dW, = F, (z) dz.

Upon integrating within the appropriate limits we get

R
W= ‘ % nGpmxdx=%—GmR—M N
Rp2
@R
GmM GmM
W= ) 5 dz=3p—

and, hence,
WW,=9/8, ie. W,>W,

A force may depend on a component of the velocity,
vy = v. When calculating the work done by such a force
(or against it), we must find the law of variation of v
with time ¢, that is, solve a basic problem of dynamics by
employing Newton's second law. In this case the ele-
mentary work done by the force is

dW = F (v)dz = F (v) v dt. (13.8)
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By Newton’s second law,
n—F@)+ D Fi (13.9)

where = F, stands for the algebraic sum of the projections
on the direction of motion of other forces acting on the
given object. Solving Eq. (13.9) and allowing for the
initial conditions, we find the law of speed variation
with time: v = v (¢). Substitution of this law into (13.8)
and integration yield a formula for work:

ts
w= S F (v (t) de. (13.10)
1

Example 13.4. Calculate the air drag on the skydiver of
Ezample 11.3 in the first three seconds and in the first thirty
seconds.

Solution. Since air drag depends on speed (Fy = — kv)
and the law (11.19) of speed variation has been found,
formula (13.10) gives us the amount of work done against
air drag:

i3 t
W= S ko) (t) dt=# S (1 —o-(mny2 gt

= " [f+ 2 (-t ) — R (om2mi 1),
(3.41)
Substituting the values ¢, = 3 sand ¢, = 30 s, we get
W, ~10'] and W, ~ 1.4 x 10°7
Next we find the ratio of the work:
Wo/W,=110.
Hence, the work done against air drag increased by a factor
of 110 when time increased only 10-fold. This can be ex-
plained by the growth in air drag and the speed of fall.
In conclusion we investigate the case where the force
is time-dependent: F = F (t). Here, too. to find the law
of variation of speed on time, v = v (¢), we must solve
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a basic problem of dynamics. The elementary work done
by the force is

AW = F (t)dz = F (t) v (¢) dt.

After finding the law of variation of the speed, we can
write the formula for the work in the following form:

t
w={Fuoowar (13.12)

t
Example 13.5. Determine the work done by the thrust
of the braking engine in Ezample 11.4 in the first second.
Solution. Since the thrust of the braking engine depends
on time (F = kt), the law (11.27) of speed variation
has been found, and duration of braking is known, we

apply formula (13.12) and get

w= ikt (v— K)o ot Rt
0

Zor ) 2" Em
Wa25 x 10°0. (13.13)

Sometimes the work can be calculated by using the
theorem on the change of the kinetic energy of a physical
system consisting of particles. By this theorem the work
of all the forces acting on such a system is equal to the
variation in the kinetic energy of the system:

W = AE,. (13.14)

In Example 11.4, two of the three forces acting on the
object balance each other. The remaining (unbalanced)
force is the thrust produced by the braking engine whose
work we have set out to find. Hence, W in (13.14) is
the work done by the thrust produced by the braking
engine, and AEy = mv}/2 — mv*2. Applying formula
(13.14) and allo ing for the law (11.27) of speed varia-
tion, we get

mi m kt? \2_ kuot? B
=T_T(v°_'27) =T T TEm>

Wx~25x%x10°7,
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which coincides with the result obtained earlier via the
DI method (see (13.13)).

By the law of energy conservation in mechanics, the
total mechanical energy of a closed system in which only
conservative forces act is a constant:

E = Ex + E, = const, or A (Ex + E;) = 0. (13.15)

If there are nonconservative forces in a closed system, the
system's total mechanical energy is not conserved and
its variation is equalto the work done by the noncon-
servative forces:

AE = Wy, (13.16)

where Wy, is the work done by the dissipative (or non-
conservative) forces.

Example 13.6. Determine the velocity that a meteorite
of mass m has af a distance r = 1.5 X 10" m from the Sun
(mass M) if at infinity it had a zero velocity and is moving
toward the Sun. The effect of all other objects can be neg-
lected.

Solution. The physical system consists of two bodies,
the meteorite and the Sun. The meteorite can be thought
of as being a particle, while the Sun is assumed to be a
solid ball of radius R = 7 X 10° km. The physical phe-
nomenon associated with this system consists in the
meteorite moving toward the Sun under the Sun’s gravity.
Given the initial state of the physical system, we must
determine one of the parameters of the meteorite’s motion
(the velocity v) in the finite state. This constitutes a basic
problem of dynamics, which could be solved via the dy-
namical method by applying Newton's second law. But
here there is no need to find the v vs. ¢ dependence, since
what we are looking for is the value of v in the final state;
in other words, there is no need to describe the entire pro-
cess of the meteorite’s motion. Hence, it is advisable to
employ the law of energy conservation in mechanics.

The chosen system of bodies is closed (by hypothesis
the effect of other bodies can be ignored). Only conser-
vative gravitational forces act in the system. We select
the inertial reference frame as the one linked with the
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Sun (we assume the Sun to be fixed; see Example 13.2).
The total mechanical energy E, of the system at the be-
ginning of the interaction of the bodies is zero (their ki-
netic energies are zero, and assuming the initial position of
the system to be the zero position we can set the initial
potential energy at zero, too). Let us determine the total

M “ra

Figuro 13.4

mechanical energy of the system at the end of the inter-
action, E,, when the meteorite is at a distance
r = 1.5 x 10" m from the Sun (Figure 13.4). It consists
of the meteorite’s kinetic energy Ex = mv?/2 and its po-
tential energy. The latter is determined by the work
performed by the force of gravity in the course of the me-
teorite's movement from the final to the initial position.
Since the force of gravity depends on distance r, that
is, it constitutes a variable force, we can employ the DI
method to calculate the work performed by this force.
Let us divide the entire path of the meteorite into inter-
vals so small that in each such interval of length dr we
can ignore the variation in force of gravity, assuming it
to be constant. Then the elementary work on such an in-
terval is
m’,” dr.

AW =G "'rl," cosadr= -G E

Summing the elementary work done on each interval, we
get the total work W, which gives the value of the mutual
potential energy of the system E:

W=E,= - {624 ar= —amar (—1)| = _CnH
d

0 r
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Thus, the total mechanical energy of the system in
the initial state, E,, is zero, and in the final state E, =
mv*/2 — GmM/r. By the law of energy conservation
in mechanics,

mv? GmM
="
Solving this equation for v, we find the sought velocity:

v=V2GM/r, v=42.2km/s,
where the values of the gravitational constant G and the
Sun’s mass M were taken from tables.
Example 13.7. A small steel cube of mass M =1 kg
is at rest on a horizontal surface. A small steel ball of mass

Figure 13.5

m = 10 g is flying at the cube with a velocity v, = 10° m/s,
hits it, and bounces off elastically in the opposite direction
(see Figure 13.5). Find the distance that the cube will travel
before it stops if the coefficient of friction between the hori-
zontal surface and the cube is k = 0.2.

Solution. Two bodies constitute the physical system:
the cube and the ball. These may be considered as parti-
cles. Earth is taken as an external object. The physical
phenomenon consists in the elastic interaction of ball and
cube (the interaction with the external object, Earth, can
be ignored in their subsequent motion. The initial state
of the system (prior to interaction) is known. What is
sought is one of the parameters of the cube’s motion
(the distance the cube travels after impact).

Since the forces that emerge as the result of interac-
tion of cube and ball are unknown, there is no way in
which we can employ the dynamical method to describe
the process. Let us apply the laws of momentum and
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energy conservation in mechanics. On the whole the
system is not closed, but in the direction in which the
ball moves it can be considered closed. We select the
inertial reference frame linked with Earth and point
the X axis as shown in Figure 13.5. Prior to the interac-
tion the momentum of the system is p, = mv,. The mo-
mentum of the system after interaction is p, = mv, +
Mu,,, where v, and u, are the velocity vectors of
the cube and the ball, respeouvely. after interaction.
By momentum conservation,

mvy, = mv, + Mu,,.
Projecting this vector equation on the X axis, we get
my, = — mvy + Mu,,.
By energy conservation in mechanics,
/2 =muy/2 + Muj /2.

Allowing for the fact that m < M and solving the above
system of equations, we find that

~ 2n 2m
VRV U= U N Uy

Let us now study the motion of the cube after impact.
The statement of the new problem is obvious: a cube of
mass M = 1 kg having an initial velocity u,, skids along
the horizontal surface (the friction coefficient f is equal to
2 X 107?) and finally stops; find the distance it has traveled.

Two bodies constitute the physical system, the cube
and Earth. The physical phenomenon consists in the
cube moving in a decelerated manner as a result of its
interaction with Earth. The initial configuration of the
system is known. We must find one of the parameters of
the cube’s motion (distance of travel). This constitute
a basic problem of dynamics. Since the forces of interac-
tion of the cube with Earth are known, the problem can
be solved either by the dynamical method or by the con-
servation-law method. Applying Newton's second law,

Ma = {Mg,
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we find the acceleration. Solving an inverse problem of
kinematics, we find the distance !, the cube traveled
before it stopped:
u; 2m%}
z,=T‘,'= e, L~ 100m. (1347)
Let_us take the alternative approach. We wish to solve
the problem via the conservation-law method (in me-
chanics). The selected system is closed, but the law of
energy conservation in the form (13.15) cannot be ap-
plied (there is a nonconservative friction force
Fy, = fMg). Assuming that the internal nonconservative
friction force is an external one, we find that Eq. (13.16)
yields

\Mui,
+ =fMgl,.

This leads us lo a result that coincides with (13.17),
which was arrived at via the dynamical method:
udy _ 2mhi ~
L= 2ig = Teh? 1, ~ 100 m.

The solved problem could have also been formulated
in, say, the following mannmer (a situation problem):
as a result of what interaction of the ball and the cube will
the length of the path traveled by the cube be mazimal?

Let us change the terms of Example 13.7, namely,
we assume the cube to be un nelastic body, wuh all other
Find the distance that

the cube travels before it stops.
The interaction process (inelastic collision) is des-
cribed by the law of momentum conservation:
v, =(m + M)ug,.
This gives us the initial velocity of the cube (we allow
for the fact that m<M):
Uyy &= M,/ M.
Solving the dynamical problem of the cube’s motion
after impact (by either of the two methods), we find the
distance of travel

22
m =T;;,, L~25m. (13.18)
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Equations (13.17) and (13.18) show that in the case
of an elastic collision the distance traveled by the cube
after impact is four times the distance in the case of an
inelastic collision.

Let us change the terms of Example 13.7: suppose that
as the result of collision with the cube the ball pierces the
cube and continues its motion in the same direction with
a velocity v, = 500 m/s, while all other conditions remain
the same. Find the distance the cube travels before stopping.

We again apply the momentum conservation law and
get

moy = mv, + Muy,,
which yields the initial velocity of the cube at

Uyy = m (v, — v)/ M.
The distance the cube travels before stopping is

_udy _ mn—vy)? ~
l,-—w— zuM’. , ly~6.25m.

Thus, in the case of an elastic collision (with m< M)
both the velocity u,, and the distance [, traveled by the
cube before stopping are the maximum possible values.

The dependence of the initial velocity and the distance
traveled by the cube before stopping on the m/M ratio
can also be studied. For instance, for any mass ratio

m/M (but m < M) we have
Ugylitgy =2
and, hence,
L,=4

Chapter 4
THE MOTION OF A RIGID BODY

14. Rigid-Body Dynamics

The acceleration acy of the center of mass of a rigid body
is determined by the theorem on the motion of the center
of mass:

macy = F, (14.1)
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where m is the mass, and EF stands for the vector sum
of all the external forces acting on the body.

The form of Eq. (14.1) coincides with Newton's sec-
ond law for a particle, (11.4), and, hence, the method
of applying this law consists of the same operations. The
vector equation (14.1) is equivalent to the following three
equations:

macyz =2 Fe, macyy =2 F,, macy. =0 F,.  (14.2)
For a particle and, hence, for a rigid body we have the
following equation of motion:

L= m, (14.3)

where L = dL/d¢ (vector L is defined below), and =M is
the vector sum of the moments of the external forces
ghese moments are also called torques) about a fixed point

If point O is taken as the origin of a Cartesian coordi-
nate system, then, as usual the vector equation (14.3)
is equivalent to the following three equations:

daL dz dL
== M, SE=2M, GE=XM, (144

where L., L,, and L, are the projections of the angular
momentum vector L on the coordinate axes. They are
known as the angular momenta of a rigid body about the
fized X, Y, and Z azes, respeclively. It can bo shown that
for a particle and a rigid body the following equations
hold true:

L.=J,0, Ly=J,0, L,=Juo, (14.5)

where J,, J,, and J, are the moments of inertia of a
particle or rigid body about the X, Y, and Z axes, re-
spectively, and ©,, ©,, and ©, are the projections of the
angular velocity © on the same axes.

If we allow for (14.5), we can rewrite Egs. (14.4) as

A (Jx04) d(J; d(J,0;)
=y, L) gy, ) . (140)

7-0408
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If the moments of inertia J,, J,, and J, are constant, the
equations of motion assume the form

=M., JB=M, Jp=M, (14.7)

where B, = do,/dt, B, = do,/dt, and B, = de,/dt are
the projections of the angular momentum vector B on
the coordinate axes. These equations are known as the
equations of motion with respect to the fized X, Y, and Z
azes, respectively.

A rigid body has six degrees of freedom; hence, we
need six independent equations to describe its motion.
These are either the two
vector equations (14.1) and
(14.3) or the equivalent
system of six equations
(14.2) and (14.6). The meth-
od of applying the laws
(14.2) difler in no way
from that of applying New-
ton’s second law. The meth-
od of applying the laws
(14.6) also closely resem-

Figure 14.4 bles the method of apply-

ing Newton's second law

if two additional operations are introduced: finding the

moments of inertia of bodies and the moment (or torque)

of the external forces about the appropriate axes. Thus,

for a rigid body the dynamical method remains practical-
ly the same as for a particle.

Example 14.4. Let us consider the simplified version
of Ezample 11.2 and assume that the pulley is a solid cy-
linder of radius R = 10 cm with a mass m, = 8 kg. Deter-
mine the system's acceleration and the tensile stress de-
veloped by the string.

Solution. The same four bodies constitute the physical
system: the two blocks with masses m, and m,, the
string, and the pulley (Figure 14.1). But now the pulley
is not only a body whose mass must be taken into account.
We must allow for its dimensions, i.e. we cannot as-
sume that it is a particle any more. One assumption is
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that the pulley is a rigid body. Its center of mass is
fixed, and the pulley rotates about a fixed axis, the Z
axis, which passes through the pulley’s center of mass.
We apply Eq. (14.7) with respect to the Z axis to the
pulley. An inertial reference frame has been selected. Two
unequal tensile stresses act on the pulley: Fi s Fi.
All the other forces acting on the pulley compensate
each other. The moments of forces Fi and Fi about the
Z axis are M; = — F{R and M; = F{R. The moment
of inertia of the pulley (a solid cylinder) about the same
axis is J, = (1/2) myR®. In what follows the subscripts
standing for the axes at the moments of forces, angular
momenta, and other quantities will be dropped. Em-
ploying the equation of motion (14.7), we get
(1/2) mR*p=(Fi— F}) R.

Applying Newton's second law to particles m, and m,,
we find that
ma=F;, ma=mg-—F;.
The equation that links the linear acceleration a with
the angular acceleration B,
B =alR,

completes the system of equations. Solving the system,
we get

a= _m*-m:-‘(i/z) o & a~6.5m/s%;
Fi= i, & Fimb5N;
F’i=(1 —M"W)m,g, Fi~33N;

p= #ﬂmr’: g B ~ 65 rad/s.

We see that the acceleration a of the system has di-
minished considerably. It is also interesting to note how
different the tensile stresses developed by the string
now are: the tensile stress Fi must be considerably higher
than F{ since the moments of these forces have different
signs.

70
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Example 14.2. One end of a hanging string is tied to
a support at point O (Figure 14.2), while the other is wound
around a solid narrow cylinder (disk) of mass m = 10 kg
and radius R = 10 cm. Determine the acceleration of the
disk's center of mass and the tensile stress developed by the
string, which is massless and noneztendable.

Figure 14.2 Figure 14.3

Solution. Two bodies, cylinder and string, ¢

the physical system. The cylinder cannot be thought of
as being a particle. We assume it to be a rigid body. Its
center of mass (point C) moves downward, and it itself
rotates about a moving axis passing through the center
of mass. Let us employ the theorem on the motion of
the center of mass, (14.1), and the equation of motion,
(14.7). We link the inertial reference frame with Earth
and point the coordinate axes as shown in Figure 14.2.
Two forces act on the cylinder, the force of gravity mg
and the tensile stress Fy. By the theorem on the motion
of the center of mass,

macy = mg + Fy.
Projecting this vector equation on the X axis, we get
macy = mg — F.

The cylinder moves with respect to the moving axis,
but this axis is also in translational motion; in this case
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the equation of motion (14.7) remains valid:
4 mRB=F.R,

where p = acu/R is the angular acceleration. Selving
the system of equations, we get

2 5
acM= 3§, F¢=7 mg.

Ilence, acy ~ 6.6 m/s® and F, ~ 163 N.

Let us make the problem more complicated: suppose
that a block (particle) of mass my = 1 kg is attached to
the upper end of the string, the block can move (skid) without
friction along a horizontal surface, and the string is swung
over a massless pulley (Figure 14.3).

We denote the mass of the cylinder by m,. Applying
the dynamical method, we sot up a closed system of equa-
tions for the translational motion of block and cylinder,
respectively,

mya, = Fy, myacu = mqg — Fy,
and for the rotational motion of the cylinder,
1
- m,R?p=F,R.

The acceleration acw of the cylinder’s center of mass,
the acceleration a, of the block (particle), and the angular
acceleration B, are linked through the following relation-
ship:

acx = a, -+ BR.
Solving the obtained system of equations, we get
— 24ma/my __malmy
9N = Fmgimy 81 T T 8

_ m? _ _24mg/m,y
=S g & P RGmamy &

Substituting the numerical values, we get

F,

acm 9.1 m/s?, a,~75m/s?, F,~ 75N,
B~ 15.1 rad/s?.
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The problem can be made still more complicated by
allowing for friction between block m, and the horizontal
surface, by taking into account the pulley’s mass, by
assuming that the pulley is a rigid body, and the like.
All such problems can be solved by the same dynamical
method.

Let us drastically change the terms of Example 14.2
by introducing a friction force, static friction. This
force is inevitable in the problem about to be di d
and cannot be ignored.

Example 14.3. A massless and nonextendable string is
wound around a solid cylinder (disk) of mass m = 10 kg
and radius R =10 cm. The
cylinder can move without
slippage along a horizontal
surface. A constant horizon-
tal force F =30 N is ap-
plied to the free end of the
string (Figure 14.4). Find
the acceleration of the center
of mass.

Solution. The physical
system consists of a single
rigid body, the cylinder,

Figure 14.4 whose center of mass moves
rectilinearly. The cylinder
also rotates about a moving axis whose direction of
motion does not vary. We are looking for the accele-
ration of the center of mass. This constitutes the
basic problem of rigid-body dynamics. Let us apply
the dynamical method. The inertial reference frame is
linked with Earth, the X axis points to the right, and the
rotation axis is parallel to the Z axis. Four forces act on
the cylinder: the tensile stress developed by the string
(it is equal to the given force F), the force of gravity mg,
the force N exerted by the support on the cylinder (these
two forces compensate each other), and the static-friction
force Fiy,.

The static-friction force can assume any value within

certain limits: 0 Fy < fN. In the given case the fric-
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tion force has a value that prevents slippage (pure rolling
friction).
By the theorem on the motion of the center of mass,

macy = F + Fy,.

The equation of motion about the axis passing through
the center of mass yields

S mEH=(F—Fy)R.
Allowing for the fact that
p=acu/R

and solving the obtained system of equations, we find
that

4F 1
acm—= 3 Fy=—3F.

Substituting the numerical values, we get acy = 4 m/s®

and F,, =10 N.
The condition of absence of slippage assumes the form
+ F<fmg,
which yields
f>F/3mg~0A4.

If the friction coefficient is lower, slippage sets in.

Let us make the terms of the above problem more com-
plicated. Suppose that the string is swung over a massless
pulley and a load of mass my = 20 kg (a particle) is tied
to the free end of the string; all other conditions remain
unchanged with the exception of force F, which is now the
tensile stress Fy developed by the string. Find the acceleration
acy of the center of mass, the acceleration a of the load,
and the tensile stress (Figure 14.5).

We denote the cylinder’s mass by m,. Applying the
dynamical method, we arrive at the following equations:

maa = myg — Fy (for the translational motion of the

load),

myacm = Fy + Fy (by the theorem on the center-

of-mass motion),

%mR’ﬂ = (Fy — Fy) R (the equation of motion).
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The load’s leration and the leration of the
center of mass are connected by the relationship
a = acm + PR. Since acu = PR, we have a = 2acn.

my

Figure 14.5

Solving this system of equations, we get
3my | -1
a=(t+4m) " & am=g(1+ 4

-1 -1
Fu=fr (14 0) " e F= S (14 50) e
Substituting the numerical values yields
a=x8.4m/s?, acy~42m/s?, F,~105N,
F,~315N.

The terms of the problem can be made still more com-
plicated by allowing for the mass of the pulley, by as-
suming that the cylinder is a rigid body and moves along
an inclined plane rather than a horizontal surface, by
supposing that the load (particle) moves along an in-
clined plane, and the like. Clearly all these problems can
be solved by applying the same dynamical method.

3n., -

g,

15. Conservation Laws in Rigid-Body Dynamics

The elementary work resulting from the rotation of a
rigid body through an angle dg is defined by the follow-

ing formula:
AW = M de, (15.1)
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where M is the moment of force about the rotation axis.
The total work is obtained by integrating Eq. (15.1):
P
w=§ Mde. (15.2)
9
The kinetic energy of a rigid body in arbitrary motion
breaks down into the kinetic energy of translational
motion and the kinetic energy of rotational motion:

Ey=mutn/2+J0?2, (15.3)

where vew is the velocity of translational motion of
the conter of mass, and J the moment of inertia of the
rigid body about the rotation axis.

In addition to momentum and energy conservation
laws in mechanics, rigid-body dynamics also employs the
law of angular-momentum conservation. This law fol-
lows from the equation of motion (14.3) with respect to
a point: if the vector sum of the moments of external forces
about a fized point O is zero, the angular momentum about
this point is constant:

L = const. (15.4)

More often the law of angular-momentum conservation
is used in a form that follows from the equation of motion
(14.4) with respect to a fixed axis: if the algebraic sum of
the moments of external forces about a fized axzis is zero, the
angular momentum of the system about this azis is a con-
stant:

L=2 Jo=const, (15.5)

where the summation sign stands for the algebraic sum
of the angular momenta of all the bodies in the system.

Application of conservation laws in rigid-body dy-
namics is carried out along the same lines as in particle
dynamics.

Example 15.1. A wooden rod of mass M = 6 kg and
length | = 2 m can rotate in the vertical plane about a
horizontal azis passing through point O (Figure 15.1).
A bullet of mass my, = 10 g, flying with a velocity
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v = 10° m/s at right angles to the rod, hits the lower end
and buries itself in the rod. Determine the kinetic energy
of the rod after impact.

Solution. Two bodies form the physical system: the
rod and the bullet. The bullet can be thought of as a par-
ticle, while the rod is assumed to be a rigid body. The
physical phenomenon consists
of the bullet interacting with
the rod (an inelastic collision).
The state of the system prior
to collision is known. We must
determine a parameter of the
system, the kinetic energy, after
the interaction has ceased.

The nature of the forces acting
in the interaction is assumed to
be unknown. Therefore, the
dynamical method cannot be
applied. Let us apply the con-
servation-law method. Prior to
collision, the bullet was moving

Figure 15.1 rectilinearly, but after collision

it is in rotational motion togeth-

er with the rod. It is, therefore, advisable to employ

the law of angular momentum conservation about the

fixed rotation axis, since the conditions of applica-
bility of this law are met.

As usual, the inertial reference frame is linked with
Earth, the origin is placed at point O, the X axis is di-
rected along the axis of rotation. The angular momentum
of the bullet about the rotationaxis prior to collision
is movol and that of the rod is zero. After collision the
angular momentum of the rod together with the bullet
is Jo, where J is the moment of inertia of rod and bullet
about the X axis, and o the angular velocity of their
rotation after collision. Since the moment of inertia of the
bullet is much smaller than that of the rod, m,l* <
(1/3) MI®, we can assume that J = (1/3) MI*. By the
law of conservation of angular momentum,

movel = Jo.
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The kinetic energy of the rod is

22
Ek"'T—T- et Ey=251. (156)

Note that initially the kinetic energy of the bullet
(prior to impact) was Ey, = mov?/2 that is, Ey, =5 X
J, which is considerably higher than the kinetic
energy of the rod after impact. As a result of the inelastic
collision the greater part of lhc mlual mechanical energy
was transferred into 1 forms of energy. As
a result of the interaction there emerged very strong
nonconservative forces, which dissipated the mechanical
energy of the system. Therefore, it would be wrong to
use the law of conservation of energy in mechanics di-
rectly in the form Jo*2 = my?/2, and it would also
be wrong to use the law of momentum conservation, since
after collision the rod together with the bullet is in ro-
tational motion. If we did use the law of momentum con-
servation, we would have mgv, = (M -- mo)u, where
u = ol, whence, neglecting the bullet mass m, in compari-
son to the rod mass M, we would find that © = mv/ ML.
The kinetic energy of the rod after impact would be
J0%2 = m/6M, which is roughly 2.7 J and lower than
the result d.‘) 6) almost by a factor of ten.

Let us find the maximal angle a by which the rod is
deflected from the vertical after impact. There are no
nonconservative forces in the system after impact and,
hence, we can apply the energy conservation law to the
motion of rod and bullet after collision. By this law,

3
T =M,

where & is the height to which the rod’s center of mass
is raised (in relation to the poinl prior to impact, A) as
a result of the impact (Figure 15.2). Here we have allowed
for the fact that me< M. From triangle OBC it follows
that

cosa—= Y2—h .

7z
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Solving the system of equations, we get

a=cos™! (1— :X{"E;'f ), ar 54°.

We can also consider many variants of this problem,
say, by replacing the bullet with a steel ball and the
wooden rod with a steel rod, by assuming an elastic

Figure 15.2

collision instead of an inelastic, by studying the case of
a glancing collision, and the like. All these variants can
be solved by the conservauon-law method.

In id blem whose solution
will be found by all four methods: the kinematic, dy-
namical, conservation-law, and DI.

Example 15.2. A solid homogeneous disk of radius
R =10 cm which initially had an angular velocity

= 50 rad/s (about an azis perpendicular to the disk’s
plane and passing through the disk's center of mass) is placed
on_its base on a horizontal surface. How many rotations
will the disk make before it stops if the coe/ﬁczent of /nction
between the base and the horizontal surface, f, is 107! and
does not depend on the disk's angular velocity?

Solution. The physical system consists of a single body,
the disk, which cannot be considered a particle (we assume
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it to be a rigid body). The physical phenomenon con-
sists of the disk being decelerated in its rotation about a
fixed rotation axis under the forces of friction (all other
forces are balanced). The initial and final states of the
disk are known. We are looking for one of the parameters
of this motion (the number of rotations N the disk will
make before it stops). This constitutes a basic problem
of rigid-body dynamics.

Let us apply the dynamical method. The disk’s center
of mass is at rest as the disk rotates. The equation of
motion (14.7) yields

AmBp=M, (157)

where m = nuR*hp is the disk’s
mass, h its height (thickness),
p the density of its material,
p the angular acceleration,
and M the total moment of
the forces of friction about
the axis.

The force of friction is ap-
plied to each section of the 5
disk, and since these sections Figure 15.3
lie at different distances from
the axis, the moments of the forces of friction differ
from section to section. To find M we apply the DI me-
thod. We partition the disk into thin rings (Figure 15.3).
Each ring is also partitioned into small elements by neigh-
boring radii that form a small angle dg. In Figure 15.3
one such element is hatched. The force of friction acting
on the element is

dFy, = { do r dr hpg.
The moment of this force of friction is
dM = r dF,. = fpghridr dg.

Integrating with respect to angle ¢ from zero to 2 and
with respect to r from zero to R, we get the total mo-
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ment of friction forces:
2 R
M= g g foghr? dr dp = fpgh2nRY3=2fRgm/3.  (15.8)
0
Substituting this value of M into the equation of mo-
tion (15.7), we find the angular acceleration of the disk:
p=4fg/3R.

Solving the inverse problem of kinematics (the kine-
matic method), we determine the law of variation of
the angular velocity,

© = w,— B, (15.9)
and the respective law of motion,
@ =yt — P2/2. (15.10)

Taking into account the fact that the final angular ve-
locity of the disk is zero, ® = 0, and employing Eq. (15.9),
we can find the time of the rotation:

=0 _ 3Rw, ~
1=t = T, 123758
Substituting this value of ¢ into Eq. (15.10) and bearing
in mind that ¢ = 2rN, we get
__3Ro} ~
N =Towfs N =15, (15.11)
Now let us solve this problem using the conservation-
law method. The physical system consists of two bodies:
the disk and Earth. The system is closed, and the law of
conservation of energy in mechanics could be employed
if there were no nonconservative forces acting in the sys-
tem. Assuming that these forces are external, we obtain
from Eq. (13.16) the following:

Joif2=W, (15.12)

where J = (1/2) mR? is the disk’s moment of inertia, and
W is the work performed by the nonconservative forces
(friction). Since we already know the moment of these
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forces (see (15.8)), we can use (15.2) to find
[ °
W= Mag= | 2len gy Hleme
0 0

Substituting this value of W into Eq. (15.12) and bearing
in mind that ¢ = 2aN, we get
3Ra} -
N= Torde * N =15,
which coincides with formula (15.11) found by using the
dynamical method.

Concluding the study of the mechanical model, we see
that any standard formulated problem in this depart-
ment can be solved by applying a fairly small number
of universal methods (aside from the method of analyz-
ing the physical content of a problem): the kinematic,
dynamical, conservation-law, and DI.

ELEMENTS OF THE THEORY OF PHYSICAL FIELDS

Chapter 5
THE GRAVITATIONAL FIELD

16. The Basic Problem of Gravitation Theory

The basic law of gravitation theory is Newton's law of
gravitation,

F=G % s (16.1)
where G =~ 6.67 X 10-" N.m/kg® is the universal grav-
itational constant. In the form (16.1) the law is valid
only for particles and spherical bodies. It can be written
in vector form thus:

Fp=—G 2, (16.2)

where F, is the vector of the gravitational force acting
on body m,, and r the radius vector pointing from body
m, to body m, (Figure 16.1).
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The main characteristic of each point in a gravitational

field is the field strength E, a vector quantity defined thus:

E==F/m,, (16.3)

where F is the gravitational force acting on a particle of
mass m, placed at the given point.

The strength and potential of the gravitational field

generated by a particle of mass m at a point positioned

m, Fio m,
—_——————
r
Figure 16.1

at a distance r from the mass are expressed by the follow-
ing formulas:
E=Gm/r?, (16.4)
o= —Gmlr. (16.5)

The field strength E at a point and the potential ¢
at the same point in a gravitational field are linked by
the formula

E = —grad ¢. (16.6)

The state of the physical system considered (the gravi-
tational field) is determined by the value and direction
of vector E at any point in the field. The field strength E
of a gravitational field is the fundamental characteristic
in the sense that, knowing E, we can not only determine
any parameter characterizing the field but describe the
behavior of physical systems in this field. Indeed,
Eq. (16.6) can be used to find potential ¢, and Eq. (16.3)
makes it possible to determine the force with which the
field acts on a body placed in it. If the initial conditions
for this body are known, by applying the dynamical meth-
od we can determine the law of the body’s motion. And
knowing this law makes it possible to find all other char-
acteristics and parameters determining the motion. This
leads to the following formulation of the basic probl
;lnlgravitation theory, the problem of calculating the
field.




Ch. 5. The G ! Pield 113

Calculating a gravitational field means determining
at each point in the field the field strength vector
E or the potential q.

17. The Gravitational Field Generated by a System
of Particles

A fundamental physical principle lies at the base of the
method for calculating physical fields, the superposition
principle. 1f the field is generated by a system of par-
ticles, we must first determine the field generated by
each particle sep ly (i.e. the cor ding vector E;).
Then in accordance with the superposition principle we
find the resultant field vector E as the vector sum of the
field strength vectors:

E=E+ ... +E+... +E. (7.1)

The gravitational field generated by a single particle
was calculated in Section 16. Description of the motion of
even one body in the gravitational field generated by one
particle presents certain mathematical difficulties. It is
fairly easy to solve such a problem physically, that is,
set up a closed system of equations, by employing either
the dynamical method or the conservation-law method.
Difficulties for first-course students appear at the mathe-
matical level, when it is necessary to solve the system of

i (often diff ial ions)

First it is advisable to solve a number of elementary
problems that involves estimation, say calculate the field
strength and potential of the gravitational field on the
surface of the Moon, the Sun, or Mars (note that g =
GMIR? ~ 9.8 m/s® is the gravitational field strength
at Earth’s surface), determine (estimate) the orbital and
escape velocities for Earth, the Moon, and Mars, and
the like.

Then the first problem concerning the motion of a par-
ticle in a known gravitational field can be formulated.
It is even advisable to present it in the form of a non-
specified problem.

Example 17.1. A rocket is launched vertically with an
initial velocity v, at the North Pole (it is assumed that the

8-0408
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boosters impart a velocity of v, to the rocket instantaneously
and are then switched off). Describe the motion of the rocket.

Solution. The problem is ified. The first simpli-
fying assumphon is obvious: the air drag is ignored. The
rocket can be thought of as being a particle. Its motion
can be described if we find its law of motion. The law of
motion depends essentially on the value of the initial
velocity vo. Let us assume that v, is so low that at the
point of the rocket's greatest altitude the acceleration of
free fall g, (which constitutes the strength of Earth's
gravitational field) differs very little (say, not more than
by one percent) from the acceleration of free fall on
Earth’s surface, g,. It is useful to estimate this altitude
h, and the initial velocity vy, that the rocket must have
to reach this altitude. Since, by assumption, (g, — £,)/
g0 = 10-% and

GM GM
Bo="TR > BI=Rimr’
we have h, ~ R (1/1/0.99 — 1) and v" = V/ 2goh,, that
is, hy = 32 km and vy, = 800 m

Thus, if v, K vy, then the rocket s acceleration is
approximately constant, and we have a trivial high-
school problem concerning the uniformly decelerated
upward motion of a particle with a constant -acceleration
£o- The law of motion in this case can be written in the
form

z = vt — got*l2,
which provides all the parameters of motion.

‘We will not consider the case where the initial velocity
v, is greater than or equal to v, = 11.2 kin/s, the escape
velocity for Earth. Thus, the first problem can be for-
mulated as follows:

Example 17.2. A rocket is launched vertically at Earth's
North Pole with an initial velocity v, satisfying the condi-
tions vy < vy < v,. Find the law of its motion. Ignore air
drag and the effect of other planets, the Sun, and the Moon
on the motion of the rocket.

Solution. Two bodies constitute the physical system,
the rocket and Earth. The rocket can be thought of as
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being a particle. The gravitational field generated by
Earth (assumed to be a spherical body) is known. The
physical phenomenon consists of the particle (rocket)
moving in a nonuniform gravitational field. We wish
to determine the law of motion of the rocket. This consti-
tutes the basic problem of particle dynamics.

We apply Newton's second law. The inertial reference
frame is that linked with Earth (since Earth's mass is
considerably greater than the rocket's mass, we assume
Earth to be fixed), the X axis is directed upward, and
the origin is placed at Earth's center. There is only one
force acting on the rocket, the gravitational. It is impor-
tant to note that this force is variable. Then, by New-
ton’s second law,

mz= —GmM/z2 for z>R. (17.2)

Physically the problem has been solved because we
have obtained a single difierential equation in one un-
known function z (), the coordinate of the rocket in
space. Solving the equation we get the law of motion.
However, first-year students have great difficulty in solv-
ing this equation. Two points must be stressed in this
connection. First, Eq. (17.2) is solvable in principle, and
in the final analysis we can obtain the law of the motion
of the rocket. Second, even at this level students can be
told that solving physics problems may lead to equations
that have no exact (analytical) solutions. Then a com-
puter must be brought into the picture to obtain numeri-
cal, approximate solutions.

Let us simplify the formulation of the problem by
using the conservation-law method instead of the dynam-
ical. We apply the law of energy conservation to the
rocket-Earth system:

mvd mGM _ my* _ mGM
= " m =7 1 (17.3)
where v is the velocity of the rocket at a point with coor-
dinate z. This gives us the maximum value of z (the po-
sition of the rocket at v = 0):
2GMR

e =g (17.4)
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If the initial velocity v, is equal, say, to the orbital
velocity for Earth, v, = V/ GMI/R, the maximum value
of z is Tmay = 2R, and the maximum altitude reached
by the rocket is Ag,y = R = 6400 km. Equation (17.3)
can be used to find the dependence of the rocket's velo-
city on coordinate z:

o=y 26 (£-1L). (17.5)

The diagram of this dependence is shown in Figure 17.1.
Now we can formulate the second (simpler) problem.

Example 17.3. A rocket is launched vertically at Earth’s
North Pole with an initial velocity v, satisfying the con-
ditions vy, << vy << v,. Determine the mazimum altitude

v

Yo

EYY S—

Figure 17.4

reached by the rocket and the rocket’s velocity at an arbitrary
point of its path. Ignore air drag and the effect of other
planets, the Sun, and the Moon on the motion of the rocket.

Solution of this problem was obtained earlier (see
Egs. (17.4) and (17.5)).

Note that in the above problems we must appraise in
more detail the upper bound on the initial velocity, since
at velocities close to v, the altitude reached by the rocket
is so great that the effect of the Moon, Sun, and other
bodies can no more be ignored. It is advisable for more
advanced students to make the necessary estimates.

To conclude this section let us consider one more
problem.



Ch. 5. The Gravitational Fleld 117

Example 17.4. A rocket s circling Earth along an
orbit that almost coincides with the Moon's orbit. When
a retroengine is fired, the rocket rapidly loses speed and
begins to fall toward Earth (Figure 17.2). Determine the
time it will take the rocket
to reach Earth. Ignore air
drag and the effect of other ~
bodies on the rocket’s motion.

Solution. The physical
system consists of the rock-
et and Earth. The physi-
cal phenomenon consists
of the rocket moving in
Earth’s gravitational field.
The solutions of the pre- y
vious problems in this Figure 17.2
section show that the
dynamical method leads to a complicated differential
equation, while the conservation-law method makes it
possible to find the rocket’s velocity at each point of
the path but not the sought time of fall. So standard
methods have led us nowhere. But suppose that we con-
sider the motion of the rocket as the motion of a satellite
of Earth along an extremely prolate ellipse whose major
axis is as long as the radius of the Moon's orbit, Ry ~
4 X 10° km and whose eccentricity ¢ = 1. This means
that we can employ Kepler's third law,

202 {(1/2)Ru \?

(7F) = (%)
where ¢ is the time of fall, and T = 27.3 days is the pe-
riod of revolution of the Moon about Earth. Calculations
yield ¢t = T/4)/2, which amounts to about 4.85 days.

\

\
|
1

18. The Gravitational Field Generated by
an Arbitrary Mass Distribution

The common approach in calculating the gravitational
field generated by an arbitrary mass distribution is to
employ the superposition principle and the DI method
(see Section 6). In calculating the field strength by this
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method it is extremely important to take into account
the vector nature of this quantity. After the elementary
field strength vector dE has been found, its projections
dE., dE,, and dE, on the respective coordinate axes are
determined, with subseq integration (¢ ion) car-
ried out for each projection separately.

If the field strength is known, the problem on the mo-
tion of bodies in such fields is solved by either the dy-
namical method or the conservation-law method.

Example 18.1. Describe the motion of a particle in the
gravitational field generated by a long thin, homogeneous
rod of mass M and length 1. The effect of other bodies can
be ignored.

Solution. Let us restrict our discussion to the one-di-
mensional case. We assume that initially the particle

@f3

Figure 18.1

was positioned on the rod at a distance z, = I from one
of the rod’s ends (point B in Figure 18.1) and had a zero
velocity (v, = 0). The physical system consists of two
bodies: the rod and the particle (whose mass we denote
by m). The physical phenomenon consists of the particle
moving in the gravitational field generated by the rod.

The gravitational force acting on the particle is un-
known (it is not F = GmM/z® since the rod is not a par-
ticle). To use the dynamical method we must calculate
the gravitational field generated by the rod on the rod’s
axis, that is, we must find the field strength vector E and
potential @. Let us apply the DI method. We assume
that m < M. We select the inertial reference frame as
the one linked with the rod, place the origin O at the
left end of the rod, and direct the X axis to the right.
We partition the rod into segments so small that each
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can be thought of as being a particle. We take one seg-
ment of length dz positioned at a distance z from an ar-
bitrary point B on the axis. The mass of the segment is
dm = pA dz, where A is the cross-sectional area of the
rod, and p the density of the rod’s material. Since the
selected segment is a particle, the characteristics of the
gravitational field generated by it (the field strength dE
and potential dg) are known:

dE=S8m
&

GpAdz __Gdm _ _ Gpadz
o de=——"m=—-——.

Note that in our case all the elementary field strength
vectors dE point in the same direction. Integration yields
the overall characteristics of the field generated by all
the clementary segmonts (i.e. the field generated by the
rod as a whole):

14,

.
_ (' GpAdr __ 6M
E= S T 5tz *

"“”'GAdz oM .
o=— S Godds _ _ M n(1+L).

The force acting on a particle placed at a distance z
from the origin is

GMm
Fo - i
Newton's second law,
&= oM
[ z(z+1)

results in a differential equation whose solution will
enable us to establish the appropriate law of motion of
the particle.

Applying the law of energy conservation in mechanics,

— (1+5)= ~E i (14 1)+,
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we can determine the velocity of the particle positioned
at a distance z from the right end of the rod:
_ /%M itlz
v=y/ E T+
Let us id les of more licated fields.

Example 18.2. Determine the field strength of the gravi-
tational field generated by a thin ring of radius R and

Y Adi=pdgp
M [P

» JE

0 b A
=1 %

Figure 18.2 Figure 18.3

mass M at a point A lying on the ring's azis at a distance
z from the ring's plane (Figure 18.2).

Solution. The physical system consists of the ring and
the ring’s gravitational field. We wish to solve a basic
problem of gravntahonal theory, namely, find the field
generated by the ring. A ring, however, cannot be thought
of as a particle and, hence, formula (16.4) is invalid.

Let us employ the DI method. We partition the ring
into segments so small that each segment can be regarded
as a particle. We take one such segment of length dl =
R do (see Figure 18.2). This generates a gravitational
field whose field strength vector at point 4 is dE of a
magnitude

dE= (18.4)

GdM
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where dM = (M/2nR) dl is the mass of element dl. Vec-
tor dE forms an angle o with the X axis and an angle ¢
with the Z axis. The projection of dE on the X axis is

GdM GMzd
0B, = m i osa = prm o (182)

Integration of (18.2) with respect to ¢ yields the projec-
tion of the sought field vector on the X axis:

2; 2.
E _(_GM:do _ _ GMz o GMz
= ) R Rt apE ) = mrae
0

(18.3)

We can clearly see that in view of the symmetry of
the problem the sum of the projections of the elementary
field strengths on the Y axis is zero: E, = 0; so is the
sum of the projections on the Z axis: E, = 0. Hence, the
sought field vector is directed along the X axis and its
magnitude is given by (18.3). After calculating the field
generated by a ring we can formulate a number of prob-
lems on the motion of bodies in such a field.

Example 18.3. Describe the motion of a particle of mass
m that initially was at rest at point O, on the azis of a thin
ring of mass M and radius R; point O, lies at a distance
o K R from the ring’s plane. Assume that m < M (Figu-
re 18.3).

Solution. To describe the motion of a particle in a
known gravitational field means to find the law of motion
of this particle. This constitute a basic problem of dy-
namics.

Using the dynamical method, from Newton's second
law we obtain the differential equation of harmonic oscil-
lations:

mz=_ Sn ;. (18.4)
Here we have allowed for the fact that for z < R the
strength of the gravitational field generated by the ring
is given by (18.3), or E =~ (GM/R®) z. Thus, the par-
ticle oscillates harmonically according to the law of mo-
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tion z = z, sin (ot + &), the period of these oscilla
tions being 7 = 2nRV RIGM.

If the condition z, < R is not met, the same dynami-
cal method leads to a more complicated differential equa-
tion:

o GMm

mI= — o % (18.5)
Solution of the equation will result in finding the law of
motion z = z (t), and using the law of energy conser-
vation, we can find the dependence of the velocity v of
the particle on the position (coordinate z) of the particle,
but first we must determine the potential of the gravita-
tional field generated by the ring by applying cither the
DI method or formula (16.6).

Let us make the terms of Example 18.2 more complicat-
ed. We wisk to calculate the strength of the gravitational
field generated by a semiring at the same point. Clearly,
the projection of the resulting field strength vector on
the X axis diminishes by a factor of two in this case:

GM:
E. = gimapn (18.6)
But the most important fact is that because the symmetry
of the problem breaks down, there emerges a nonzero
projection of the field strength vector on the Z axis, E,.
ince
_ GMsinacospdl _ GMRcosadg

UE= —prmta = m@rap (187

we have

E. _+€/2 GMRcos 9dp __ GMR 18.8)
2 i (R4 2208 n(R3f28 ° (18.
-n

Note that in view of the remaining s ymmetry E, = 0.

The terms of Example 18.2 could be made still more
complicated, say, if the aim were to calculate the gravita-
tional field generated by a quarter of a ring, an arc with a
central angle ¢ < n/2, and so on. All these problems can
be solved by the same method.
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Let us employ the above results to calculate the field
generated by a hemisphere.

Example 18.4. A sphere of mass M and radius R is se-
parated into two hemispheres by a plane passing through
its center. Determine the potential of the gravitational field
generated by each hemisphere at a point O on a straight line

Figure 18.4

that is perpendicular to the separating plane and passes
through the sphere's center; the distance from point O to
the center of the sphere isz > R (Figure 18.4).

Solution. To calculate the gravitational field d
by each hemisphere (not a particle) we employ the DI
method. We partition each hemisphere into narrow rings
of width R d8 and radius R sin 8. Now we consider one
ring. Its surface area is

dA=2nRsin O R d0=2nR2sin 640 (18.9)

and its mass is

aM = Sy Mein0do, (18.10)

Since all the elements of this ring are positioned at the
same distance ! from point O, the elementary potential
of the gravitational field generated by the ring at point
0is

dum—GU - G OB gy
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Take triangle CBO. By the law of cosines,
= R*+4 1% — 2Rz cosH. (18.12)
Differentiation of both sides of (18.12) yields
2l dl = 2Rz sin 6 d6,
which implies that
sin8d0=1dl/Rz.
Substituting this into (18.11), we arrive at the final ex-

pression for the elementary potential du as a function of a
single variable, I:

GdM dl
du= -S40, (18.13)

The elementary potential could also be expressed as a
function of a single variable 8 by excluding ! from (18.11)
via (18.12). But the subsequent integration in this case
would be more complicated than integration of (18.13).

Denoting the potential generated by theright hemisphere
by U, and that generated by the left by U, and inte-
grating (18.13), we get

Vi on
U, = S (—SM) = — 2 [V FEF 22
z==R
—@—R), (18.14)
Ztﬂ
= | (- o) = — gz e+ B)
VhRirz
—VETA (18.15)

Comparing (18.14) with (18.15), we arrive at an expres-

sion for the potential of the gravitational field generated

by a sphere at a point lying outside the sphere:
U=U,+U,= —GM/z. (18.16)

The same method can be used to consider the case where
z<<R. We can also calculate the gravitational field
generated outside and inside a homogeneous ball, which
was partially done in the problem of oscillations of anp
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object in a shaft (e.g. see Example 12.1)), etc. To conclude
this section let us consider the following problem.

Example 18.5. A spacecraft has poscitioned itself at a
point on the azis of a planetary nebula. The point is at a
distance ro = 5d from the nebula’s centeer of mass, and the
rocket engines of the spacecraft have beens switched off. How
much time will it take the spacecraft tor reach the nebula,
moving only because of grantational attreaction? The nebula
is assumed to be a disk of diameter d = -10~* parsec, thick-
ness (depth) h = 10-° parsec, and homaogeneous distribu-
tion of matter with a density p =107 Ikg/m®. The initial
velocity of the spacecraft with respect to the nebula is as-
sumed zero, v, = 0, and the spacecraft meass is m = 10° kg
(1 parsec = 3.08 X 10’ km = 3.08 X 10 m).

Solution. The physical system consisits of two physical
objects, the nebula and the spacecraft. The latter can be
considered a particle. Since the deptha of the nebula is
small compared to hoth thedistance ro, and the diameter
d of the nebula, we will assume that thae nebula is a thin
disk. The physical phenomenon consiists of a particle
(spacecraft) moving in the gravitatiomal field generated
by the nebula (the disk is not a part:icle). We wish to
find the time of flight of the spacecraft. The law of motion
can be determined by the dynamical rmethod if we know
the strength of the gravitational field generated by the
nebula.

Thus, the solution procedure is clesar: we must first
calculate the gravitational field geneerated by a thin
disk (nebula) of mass

M, = nd?hol4, (18.47)

then via the dynamical method determiine the law of mo-
tion of the spacecraft, and then find the time of flight
from the law of motion.

Let us calculate the strength of the gravitational field
generated by the disk. We employ th.e DI method. We
partition the disk into thin rings of widith dr and consider
one ring of radius r (Figure 18.5). Its imass is

dM = 2srhp dr. (18.18)
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Using formula (18.3), we can find the elementary strength
of the gravitational field generated by the ring:

2nGrohprdr
dE, = 2o (18.49)

Integration of (18.19) yields the strength of the gravita-

dr

a
5
froool
3

Figure 18.5

tional field generated by the entire nebula:
a2
2nGrophrdr 1
E, =§—=26h [ QRN —
"= 6ot (1~ )
(18.20)

Next, applying the dynamical method, we find that
Newton's second law leads us to the following differential
equation:

mr=— 2nGphm (1

CETvl

1
yiraEr ). 0820
Solution of this equation would enable us to find the law
of motion of the spacecraft, z = z (t), and, hence, cal-
culate the time of flight ¢,. But it seems that there was
no need to set up the differential equation (18.21) and
even less need to solve the equation. The sought time of
flight o can be found approximately in a simpler way,
namely, by the estimate method. We start by estimating

the mass of the nebula. Formula (18.17) yields

M, =nd?hpl2, M,=~2x 102 kg.
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Thus, the nebula’s mass is very small: it is less than the
solar mass Mg = 2 x 10% kg by a factor of 10°. Allowing
for the fact that dimensions of the nebula are great (the
depth of the nebula b = 3 X 10'® m is several times gre-
ater than the diameter of the solar system dy =~ 1.2 X
10'* m), we can easily predict that the gravitational field
generated by the nebula will be very weak even at the
nebula’s boundaries.

Let us estimate the order of magnitude of Ej for two
values of ro: (1) ro = 5d, and (2) r, =~ O (at the boundary
of the nebula). From (18.20) we find that E, =~ 10-® m/s®
and E; ~ 107" m/s, respectively. These values are
extremely small. Even if the spacecraft is moving with
maximum acceleration ¢ = Ej, it will take it

t,=V 2I/E;, t,~45x10° s~ 52 days,
to cover the distance s = 1m, and
to=V 5dIEy;, ,
which amounts to about 1.7 X 10" s, or 5 x 10° years,
to cover the distance ro = 5d.

Thus, in such a weak gravitational field the sp ft
is practically at rest. This is the result of applying the
estimate method for solving the problem. The result is
instructive and demonstrates that sometimes, before
applying the laws of physics and setting up (differential)
equations, it is advisable to make a rough estimate of
several quantities and analyze (compare) the results
obtained in the process.

Chapter 6
TIIE ELECTRIC FIELD

19. The Electrostatic Field in a Vacuum

The basic law of electrostatic-field theory is Coulomb’s
law,

F=_20% 19.1)

4negrd *
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The law is valid for point electric charges that are at rest.
It closely resembles Newlon's law of gravitation. Hence,
everything said in Chapter 5 concerning a gravitational
field can be said of an electrostatic field.

The main characteristics of an electrostatic field are the
field strength E and the potential @. For a field generated
by a point charge we have

Emgls, (19.2)
o= (19.3)

The field strength E and potential ¢ of an electrostatic
field are linked by formula (16.6).

The state of an electrostatic field as a physical system is
determined entirely by the direction and magnitude of
the field strength vector at every point in the field. Hence,
the basic problem of electrostatics consists of calculating
the electric field. Here it is advisable to distinguish three
cases:

(1) the field is generated by a system of point charges;

(2) the field is generated by a system of point charges
and charges carried by bodies of regular shape; and

(3) the field is generated by an arbitrary distribution
of electric charge.

Although the first case was considered earlier in connec-
tion with the gravitational field, it is highly advisable
to calculate the fields generated by a dipole (not only at
points lying on the dipole’s axis but at arbitrary points),
a quadrupole, and other point-like systems. In the second
case we first use Gauss' law of flux to calculate the fields
generated by charges distributed over regularly shaped
objects and then, using the superposition principle, de-
termine the total field. For an arbitrary distribution of
charge we employ the DI method (see Section 6).

If the characteristics of the field have been calculated,
problems on the motion of electrically charged particles
in a known field can be solved by either the dynamical
method or the conservation-law method.

Example 19.1. Calculate the strength of an electric field
generated by a straight infinitely long string uniformly
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charged with a linear density v, at a point O that is ry
distant from the string.

Solution. Since the charge cannot be considered point-
like, we cannot use formula (19.2). Let us apply Gauss’ law
of flux. In view of the symmetry of the field, the field

B
ay ¢
Yy aq
A
- o dE,
H X
" 1
= I
T - dE
7|
Y
Figure 19.1 Figure 10.2

strength vector al each point is directed along the normal
to the cylindrical surface on which the point lies, with
the symmetry axis of this cylindrical surface coinciding
with the string. For this reason, for the closed surface
we take a cylinder of length I whose symmetry axis coin-
cides with the string and on whose lateral surface point O
lies (Figure 19.1). The flux of vector E passing out of the
lateral surface of the cylinder is ®g = 27r,lE, and the
electric charge inside the cylinder is Q = yl. By Gauss’
law,
2nrolE = yl/e,.
Hence, the sought field strength is
=5t 19.4
£ 22 (194
Now let us approach this problem from the DI angle.
We partition the string into segments so small that the
90498
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charge carried by each can be considered point-like. We
select one such segment of length dl carrying a charge
dQ = 7y dl (Figure 19.2). At point O the elementary field
generated by this charge has a strength of

__do _ _ydl
dE= Treg® = e (19.5)

From triangle ADO we get
r=ry/cosa.
Since | AC| =r da = r, da/cos @, we find that triangle
ABC yields
dl=| AC |/cosa = ryda/cos?a.

Substituting the values of r and dl into Eq. (19.5), we get

— _Yde
dE= Tegre " (19.6)
The projections of vector dE on the X and Y axes are
_ ycosada
dE, = T, (19.7)
_ ysinada
dE, = e " (19.8)

Integration yields

+/2 4 2 d
E= | emals v p . | phele_

4negrg  2megry ' Y| ey
-2 Sz
Thus, the final result is
E=—Yt_—
Snegrs

which coincides with formula (19.4) obtained via Gauss’
aw.
At first glance the DI method seems to have proved more
involved than the Gauss’-law approach. In the given
example this is indeed the case. But the DI method is
universal and can be applied in cases where the Gauss'-
law approach proves useless.

Example 19.2. Determine the strength of the electric
field generated by a straight piece of string carrying an elec-
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tric charge with a linear density v, at a point O that is ry
distant from the string. The angles a, and a, are specified
(Figure 19.3).

Solution. Clearly, the symmetry of the field generated
by an infinite string is broken: the field is not symmetric.
It is extremely difficult to enclose the piece of string

o

Figure 19.3 Figure 19.4

with a surface using which it would be fairly easy to
calculate, via Gauss’ law, the flux of vector E.

Let us apply the DI method. The projections of the
elementary field vector dE on the X and Y axes were
obtained in Example 19.1. Integrating (19.7) and (19.8),
we find the projections (or components) of the sought
vector E on the X and ¥ axes:

+ap
E. = ‘ ycosada__ ¥y
L Anegr, | Amegry

(sina,+sina,), (19.9)

+az

in a d
E,= ( "::';:: M!ﬂ (cosay, —cosa,). (19.10)

-ay

Clearly, the field generated by a charged infinitely
straight string, (19.4), constitutes a particular case of the
field generated by a piece of charged straight string. In-
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deed, for a, = —n/2 and o, = +n/2, Egs. (19.9) and
(19.10) yield E, = y/2neyr, and E, = 0, which coincide
with (19.4).

Now that we Inave formulas for expressing the slrel\gth
of fields g d by a and an i ly long
charged stung. we can formulate dozens of problems in-
volving the calculation of fields generated by various
combinations of uniformly charged segments, and infi-
nite and semi-infinite strings (triangles, squares, angles,
etc.).

Example 19.3. An wnfinitely long strung uniformly char-
ged with a linear density v, = 4-3 x 10-7 C/m and a seg-
ment of length | = 20 cm untjormly charged with a linear
density v, = 4-2 X 10~7 C/m lie in a plane at right angles
to each other and separated by a distance r, = 10 cm (Fig-
ure 19.4.) Determine the force with which these two bodies
interact.

Solution. Two objects constitute the physical system,
the infinitely long string and the segment. Neither of the
two can be considered a particle. The physical phenomenon
consists of the effect that the field of the string has on the
charge of the segmenl. We wish to find the force of this
interaction. The charge Q, = ¥,! carried by the segment
is positioned in the electric field of the string, which is
known (see (19.4)).

1t would seem that to find the force acting on the charge
we need only use the formula F = Q,E, where E = y,/
2neqr,. This is not correct, however, since the formula is
valid either in the case of a homogeneous electric field
(the electric ficld generated by the string is nonhomoge-
neous: E 5= const) or in the case of a point charge (Q, is
distributed over the segment). On different sections (of
equal length) of the segment of length ! different forces
are acung Therefore, to calculate the force with which
the field 1 by the string acts on
the distributed charge Q, we apply the DI method. We
partition segment [ into sections of length dz so small
that the charge dQ = y, dz of each section can be consid-
ered a point charge. The charge dQ is in the electric
field of the string. Since this is a point charge, the force
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acting on 1t 1s

AF=EdQ= z‘j;:u; dz, (19.41)

where z is the distance from charge dQ to the string.

We now have the differential of the sought quantity.
The force acting on cach section of the segment depends
on the distance z from the segment to the string, and so
we select z as the variable of integration (it varies from
), =r, to 7, =r, 4 l. Integrating Eq. (19.11) with
respect to z, we get

ro+t

( _Vive dz 2 !

F=\ Fedmem(t+ ).
ro

Substitution of numerical values yields the result F ~

1.2 x 10-* N.

The terms of the above problem can be changed by plac-
ing the segment parallel to the string, at an angle to the
string, in a plane perpendicular to the string, and so on.
All these variants can be solved by the same DI method.

Let us consider fields generated by curved charged
lines, surfaces, etc.

Example 19.4. A puece of string s laid out in the form of
a semucircle of radius R = 2 m and is charged uniformly
with an electric charge Q = 10-° C. Find the strength of
the electric field generated by the string at the point that is
the geometrical center of the semicircle.

Solution. The physical system consists of two objects,
the semicircle uniformly charged with Q and the electric
field generated by the charge. The field strength is un-
known. The charge carried by Lhe semicircle cannot be a
point charge since the size of the semicircle, R, is com-
parable to the distance R considered in the problem, so
that the solution

E=

s E~22 Vim, 19.42)

is wrong. Gauss’ law involves extremely complicated cal-
culations. We, therefore, turn to the DI method.

Let us select the inertial reference frame as the one
linked to the semicircle and direct the X axis as shown in
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Figure 19.5. We partition the semicircle into arcs of
length dl so small that the charge dQ = Q d!/nR carried
by an arc can be considered a point charge. We take one
such point charge. It generates an electric field whose
strength vector dE, at a point A makes an angle a with
the X axis. Obviously, to each elementary charge in the
upper half-plane there corresponds a symmetrically placed
charge in the lower half-plane. The vector sum of dE,

Figure 19.5

and dE, is a vector directed along the X axis. Hence, in
the summation process we need only take into account
the projections of the elementary field strength vectors
on the X axis:

dE, = dE,cosa=7‘%cosa= (2;:'::;':‘4 (19.13)
The first stage (finding the differential of the sought quan-
tity) has been compleled. Let us go on lo the second (in-
tegration, summation). We must select the variable of
integration. The position of a point charge on the semicir-
cle is defined by angle a, so it is natural to select this
angle as the integration variable, By definition angle a
is defined as the ratio of the length of the arc I to the ra-
dius R of the circle: @ = l/R. Since d! = R da, we have

dE,= -fn—i‘::% dot.
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Integrating this equation with respect to angle a yields
+2
T cosada= Ex1.4V/m.
(19.14)
We see that the correct result (19.14) differs considerably
from the incorrect one (19.12). If we transform formula
(19.14) by introducing the linear density of the electric
charge carried by the semicircle, y = Q/aR, we find that
the strength of the electric field at the cenler of a uni-
formly charged arc in the form of a semicircle,

E-

9
\ Te R ZPe R

.

2neoR

is given by the same formula as the strength of the elec-
ctric field generated by an infinitely long and uniformly
charged string (19.4).

The same method can be used to calculate the field
generated by a uniformly charged ring (half-ring, etc.)
at any point lying on its axis at a distance z from the
ring's plane. Having calculated the field of a ring, we
can formulate the problem of the motion of a charged par-
ticle along the ring's axis; for < R this motion consti-
tutes harmonic oscillations. After this is done we can
formulate the problem of calculating llle electric field gen-
erated by a uniformly charged I a part of a
sphere, elc.

Example 19.5. At the center of a hemisphere uniformly
charged with electricity with a surface charge density o there
1s placed a freely oriented point dipole with an electric
moment p. Determine the potential energy of the dipole and
the period of the dipole's small oscillations about an azis
perpendicular to the symmetry axis of the hemisphere. The
moment of inertia of the dipole about the rotation azis is J.

Solution. The physical system consists of the uniformly
charged hemisphere and the dipole. Neither can be
thought of as a particle. A dlpole issaid to be a point dipole
if its length is so small lhal in any nonhomogcneous field
(the field d by a b is
the torque acting on the dlpole can be calculated by the
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formula
M=pxE, (19.15)

where p is the electric dipole moment. As is known, in a
homogeneous field this formula holds true for any dipole.

To solve the problem, we must first calculate the field
of the hemisphere (its electric field vector E) at the hemi-
sphere's center. We apply
the DI method. We partition
the hemisphere into narrow
rings and consider one rin;
(Figure 19.6). The charge o
the ring is dQ = 2xR% X
sin 8 d6, where R is the ra-
dius of the sphere.

The projection of the
elementary strength vector
dE of the field generated
by the ring on the X axis
(the sy y axis of the hemispl al point O is

d .
dE, = 6"%0’" cosf—= usmt;:;,ede . (19.16)
Integrating this equation with respect to 8 from 6, = 0
(gle farthest ring) to 8, = 71/2 (the closest ring), we find
that

Figure 19.6

a2
E=§ usmBZc!:ssrlB »‘4_‘;,' (19.17)
]

Since the torque (19.15) acting on the dipole 1= hnown,
we can use the equation of motion (14.7) to oblain the
differential equation of the small oscillations of the di-
pole:
J4H= —pEg, or (.0.+(u:q:0.
where ; = pE/J. The sought period is
T =4nV eJ/po.

To calculate symmetric fields (the electric field strength
of an infinitely long cylindrical surface, of an infinite
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cylinder, of a sphere, elc.) it has proved evpedient lo
employ Gauss' law of flux.

Example 19.6. A straight infinitely long cylinder of ra-
dius Ry = 10 cm s uniformly charged with electricity with
a surface charge density 6 = --10-2 C/m®. The cylinder
serves as a source of electrons, with the velocity vector of
the emitted electrons perpendicular to ils surface. What
must the electron velocity be to ensure that the electrons can
move away from the azis of the cylinder to a distance greater
than r = 10° m?

Solution. The physical syslem consisls of Lwo objecls:
the positively charged cylinder and an electron. The phys-
ical phenomenon consists of the electron moving in a
decelerated manner in the electric field of the cylinder.
We wish to find one of the parameters of motion, the
electron velocity.

To describe the motion of the electron we must first
calculate the electric field of the cylinder. The charge on
the cylinder cannot be i d a point charge. We
apply Gauss' law. For this we surround the cylinder with
a cylindrical surface (coaxial with the cylinder) of arbi-
trary radius r > R, (Figure 19.7). In view of the sym-
metry of the problem, the electric vector E of the field
of the cylinder is perpendicular at all points to the con-
strucled cylindrical surface. Hence, the flux of E out of
the cylindrical surface of length L is

O = 2rLE.
By Gauss' theorem,
2nrLE = 2nlyLove,.

whence
Ry0
E=22. (19.18)
Now, by applying the dynamical method we find that
Newton’s second law yields
L A

e

m, =
€t €or

where m, is the electron mass, and e the electron charge.
From the standpoint of physics the problem is solved.
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It would be solved completely if we were to solve the
above differential equation and obtain the law of motion
of the electron r = r (¢). Knowing this law, we could

= :
(1

Figure 19.7 Figure 19.8

find the law of variation of the electron’s velocity with
time, v = r (t), and so on. But instead let us apply the
law of energy conservation. By this law,

R _ ey —ep, (19.19)

where ¢, is the potential of the cylinder, and ¢ the poten-
tial of the field of the cylinder at a point r distant from
the cylinder’s axis. Employing the relationship E =
—dyq dr that exists between the field strength E and po-
tential ¢ and allowing for (19.18), we arrive at the fol-
lowing differential equation:

Ry deg
CE
Integrating, we find that
o= — ":.:' Inr+e, (19.20)
with ¢ an arbitrary constant. Hence,
Po== ~-’:‘T°lnRa+c. (19.21)

The system of equations (19.19), (19.20), and (19.21)
yields the following value for the sought initial velocity
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of the electron:
2¢Ry0 1 R,
Vo= V%M v Uy 3.7x10° m/s.
\ Concluding this section, we consider the following prob-
em.

Example 19.7. A solid ball made of an insulator (e =~ 1)
has been drilled along the diameter and air has been removed
from the cavity. An electron is placed in the cavity.
What is the magnitude of the positive charge that should be
imparted to the ball if we want the ball to perform harmonic
oscillations in the cavity with a given frequency v, (the
charge is assumed to be evenly distributed over the ball’'s
volume)? Assume that the cross-sectional area A of the cavity
is lc;:mslderably smaller than nR?, with R the radius of the
ball.

Solution. The problem is similar to Example 12.1 con-
cerned with oscillations of an object in a shaft dug along
Earth’s diameter. To solve it we must calculate the clec-
tric field strength inside the ball. Let us apply Gauss’
law. Suppose that the volume density of the charge, p, is
equal to 3Q/4nR®. We take an arbitrary point z distant
from the center of the ball and draw a sphere of radius r
centered at the ball’s center O and passing through thal
point (Figure 19.8). The flux of vector E out of the sphere
is, in view of the symmetry of the field,

Qp=E x 4nz?

By Gavuss' law,
_ dnzlp
Ex4nzt= e
whence
£
E= e

Thus, the force acting on the electron is

pe
F. e
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From Newton's second law we get the differential equa-
tion of the electron’s harmonic oscillations:

 pe
mz=——g-z

Consequently, the angular frequency w, is equal to
V pel3eom,. Since w, = 2mv,, we can find the sought
volume charge density,

p = 12n%,vém e,
and the charge on the ball,
0="4nnv.

For v, = 10° Iz =1 MHz and R = 10! m we have
p~6 x 1079 C/m® and Q =~ 2.4 x 10" C.

20. The El Field in Insul.

When considering the electrostatic field in insulators (di-
electrics), one uses Gauss' law of flux,

HD.da= 30, (20.4)
A

where
D=¢E+P (202)

is the electric displacement vector, )Q; the sum of the
free charges lying within the closed surface 4, and P
the polarization vector.

The strength E of an electric field in an insulator and
the polarization P are interconnected through the fol-
lowing relation:

P=¢g,(e—1)E. (20.3)
Thus,
D=¢gyeE. (20.4)

By the superposition principle, Lhe electric field E in
an insulator is the vector sum of the electric field generat-
ed by the free charges, E,, and by the bound charges, E":

E=E,+E. (20.5)
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The surface density of the bound charges is
o' =P, =¢(—1)E,, (20.6)

with P, and E, the normal components of the polariza-
tion and the field strength.

In calculating the field it is advisable to use one of the
following two methods.

The first is based on the superposition principle (20.5);
for the sake of brevity we will call it the superposition
method. First the field generated by the free charges
(sometimes called extraneous charges), E,, is calculated.
Then the field E' generated by the bound charges is cal-
culated. Finally, (20.5) is used to find the electric field
vector in the insulator. This enables us to find the expres-
sion for the potential @ of the field in the insulator. Not
all is as simple in this method as it might seem at first
glance. Often the DI method must be used (see Section 6),
and difficulties emerge in determining the density of the
bound charges o’ (according to (20.6) this depends on E,,
which is also unknown) and the field E' generated by
these charges, and other subtleties, which will be dis-
cussed later.

The second method uses Gauss’ law (20.1) to find the
electric displacement vector D. Then (20.4) is employed
to determine the electric field vector E in the insulator.
If necessary, potential ¢ is calculated via (16.6). Gauss'
method (for the sake of brevity we use this name to desig-
nate the second method) often leads to results faster and
more simply than the superposition method, but some-
times Gauss’ method proves inapplicable, while the super-
Pposition method can be applied even in such cases.

Note that in the majority of problems in this section
the following conditions are assumed met: the insulators
are homogeneous and isotropic and their boundaries coin-
cide with equipotential surfaces.

Example 20.1. 4 charge Q = 10-° C is imparted to one
of the plates of a plane-parallel capacitor with a surface
area A = 0.2 in*(the other plate is grounded). The distance
between the plates isd = 2 mm. A glass plate and a por-
celain plate are inserted between the plates of the capacitor
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(parallel to them), with the thickness of the first being d,=
0.5 mm and that of the second d, = 1.5 mm, so that there
1s no air gap between them. Determine the electric field

7/

d
d2

Figure 20.1

strength in each plate and the surface densities o' and 6" of
the bound charges carried by these plates (Figure 20.1).

Solution. The physical system consists of the capacitor,
whose plates carry free electric charges with a density
o = Q/A, and the two insulators, on which bound elec-
tric charges with densities ¢’ and ¢” appear. We wish
to determine the electric field strengths E, and E, in the
insulators and the densities ¢’ and ¢” of the bound char-
ges. This constitutes a basic problem of field theory. We
apply both methods.

The superposition method. In each insulator the field is
gencrated by the free charges carried by the two parallel
capacitor plates and, respectively, by the bound charges
¢’ and ¢” also carried by two planes. Note that the bound
charges generate a field that is nonzero only inside “its
own” insulator. Obviously, the electric fields generated
by all types of charges are

—To9 g g
E=L=%. E-<, E-
Since according to (20.6)

o' =¢e,(e,—1)E, and o"=¢g,(e,—1)E,,
and according to (20.5)
E,=E,—E; and E,=E,—E,,

o
D
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we solve the system of equations and obtain

E, E, o =10

__0 __0
egerd ’ T ggeed BY3

(20.7)
o (8—1)0Q
0" = ‘G'A .

Gauss' method. Using Gauss’ law, we can find the elec-
tric displacement vector in both insulators:
DAA=oAA, D=c=0Q/A.
Next, using (20.4), we can find the electric field strengths
E, and E, in the insulators,

__9 __0
E= e d E= £gtad '

and by employing (20.6) we can calculate Lhe densities
o' and ¢” of the bound charges,

O e 114 »_(ea—1)Q
o=, =g

which coincides with the results (20.7) obtained by the
superposition method.

Example 20.2. Two infinitely long thin-walled coazial
cylinders of radii R, =5cm
and Ry = 10 cm have been
uniformly charged electrical-
ly with surface densities
o, =10 nC/m* and o, =
—3 nC/m®. The space be-
tween the cylinders is filled
with paraffin (e = 2). Find
the strength E of the field at
points that lie at distances
rp=2cm, r, =6 cm, and
ry =15 cm from the azes
of the cylinders.

Solution. (1) The superpo-
sition method. The total field
is generated by four charges: Figure 20.0
the free charges with densi-
ties 0, and o, and the bound charges with densities —o}
and o] (Figure 20.2). The bound charges generate a field
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that is nonzero only inside the insulator (paraffin). Clear-
ly, the field at point A (positioned at a distancer; = 2cm
from the axes) is zero (this can be proved by applying
Gauss’ law for a vacuum).

Let us now consider point B (positioned at a distance
r, = 6 cm from the axes). At this point the field is gener-
ated by the charges with densities 6, and —o; (the field
generated by the charges +o0; and ¢, at this point is
zero). By Gauss’ law (for a vacuum), the field generated
by o, is

_Re 1
E = ol (20.8)
In the same manner we can find the field generated by o;:
=R L (20.9)
Ty

According to (20.6),
o,=¢,(e—1) E(R)). (20.10)
It is important to note that E (R;) in (20.10) is the
strength of the total electric field in the insulator at a
point that is R, distant from the axes. This quantity is
unknown, but let us relate it with E (r,), the total elec-
tric field in the insulator at point B. Since both E; and
E; are inversely proportional to the distance r, from
point B to the axes, the total field strengths E (R;) and
E (r,) must obey the same condition:

ERY _ s (20.11)

Mence,
E;=(—1)E(ry).
Since according to (20.5)
E(r)=E,—E,,
we get

R0y 1
E(ry)= e e (20.12)
This yields E (r,) =~ 4.7 X 10* V/m.

At point C lying at a distance ry = 15 cm from the
axes, the field is generated only by the free charges with
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densities o, and o,

This yields E (r;) ~ 1.5 x 10> V/m.
(2) Gauss' method. Let us first calculate the field at
point B. By Gauss' law of flux,

D X 2arl = 2aR,6yl,

which yields D = R,0,/r,. Now, using (20.4), we can find
the sought field:
Ryoy 1
Er)== 7
which coincides with the expression (20.12) obtained by
the superposition method. Hence, E (r;) =~ 4.7 X 10*V/m.

If the field (i.e. the electric vector E) is known, other
quantities, such as the potential and the energy, can be
found.

Example 20.3. Two concentric metal spheres of radii
R, =4 cm and R, =10 cm carry charges Q; = —2 nC
and Q, = 3 nC, respectively. The space between the spheres
is filled with ebonite (e = 3). Determine the potential ¢
of the electric field at distances ry =2 cm, r, =6 cm,
and rg = 20 cm from the common center of the spheres.

Solution. (1) The superposition method. The total field is
generated by the free charges Q, and Q, and the bound
charges Q; and Q; (Figure 20. 3) To find Q; and Q; we must
know the field strength E (r) in the insulator. This quan-
tity can be found by applymg Gauss’ law:

E(r)= m. (20.13)
Suppose that o; and o are the surface densities of the
bound charges Q; and ¢}, respectively. Then from (20.6)
and (20.13) it follows that
_ _=1eo
o, =g (e—1) Epy= TRt L,

=eple—1)Epe =S50

10-0498
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Thus,
.o pe 1 L 1
Q;=odnR: =D& 0= gpgnRy - L0
(20.14)

1t is known that for a uniformly charged sphere of radi-
us R the potential of the field (in a vacuum) inside the

Figure 20.3

sphere and on its surface is

¢=%, (20.15)
while at points outside the sphere the potential is
o= ,"?W . (20.16)

where Q is the charge on the sphere, and r the distance
from the center of Lhe sphere, O, to the point in question.
Since the charges (Q;, Qs. Q;, and Q;) generating the field
are distributed over spherical surfaces, by allowing for
the superposition principle and Egs. (20.14), (20.15), and
(20.16) we can determine potential ¢o, at the point A
positioned at a distance r, from the center:

Pot =@+ P2+ @3+ @
—O1 =0

= ! g 40
AnegR, | 4me R, | 4ae,R, | 4ne R,
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() +(¢—l)01_(t—1)0|+ Q:

T T TReR; | 4neeR;  4neeR, | 4negR,
O =D 0, . ~
T TRy T GmeeRs T e (20.17)

the potential @y, at the point B positioned at a distance
ry from the center:

Q- (e—DQ (=1 Q.

€02 = = Zreg, T Znegers InegeR, + 4negR,
- Q=D Q .
= = Tmegr ARy T ey ¢ (20.18)

and the potential ¢, at the point C positioned at a
distance r, from the center:

2, e—=1Q1 _(e—1)0; Q:
Po3= _1_nz:r, e, s T Tners

Q Q:
=~ Tnegs ey 120.19)

(2) Gauss’ method. Using Gauss' law, we find the field
strengths E,y, E,,, and Egy at points 4, B. and C, re-
spectively:

[/} Q:—

Eq=0, Ep=—72-. FEpu= 4,1,,,?;' . (20.20)
Since in our case the potentiallp is continuous, employing
the relationship (16.6) between field strength and poten-
tial we can find the value of the potential at any point if
we know the potential at least at one point. This poten-
tial is @¢5 given by (20.19) because it is generated by the
free charges Q, and Q, or the potential at the surface of
the second sphere,

w(&)=%%. (20.21)

Integrating (20.13) with respect to r from r, to R,, we
obtain

+O(RY) = () = il — O
This yields @ (r;) = gq,°
= — =00 | i,

4negery 47eeR, 4ae,R, *

100
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which coincides with the expression (20.18) obtained by
the superposition method.
Integrating (20.13) from R, to r,, we find that

Q. Q
@)~ ¢ (R) = gt — b
This yields ¢ (Ry) = @o°

= O _ (=)0 Q.
P01 =~ ZreoeR; ~ degeRy T ey

which coincides with the expression (20.17) obtained by
the superposition method.

This problem can be made more complicated if we add

one or several charged concentric spheres and place

different insulators between

the spheres and inside the

first sphere. Clearly, all

these problems can be sol-

ved either by the superpo-

@ sition method or Gauss’
g method.

' Let us now consider a

problem that, if solved by

the superposition method,

requires special care, with
the precise analysis and
calculation of the fields

Figure 20.4 generated by  different
charges.

Example 20.4. A thick-walled hollow ball of glass (e =
T) is uniformly charged over its volume with a density
o = 1.5 puC/m3. The inner radius of the ball is R, =2 cm
and the outer R, = 6 cm. Find the distribution of the po-
tential in the glass and calculate the potential at the outer
and inner surfaces of the ball and at its center.

Solution. (1) The superposition method. Let us first find
the distribution of the potential in the glass of the ball,
that is, the potential at an arbitrary point A that is r
distant from the ball’s center with R, <r < R, (Fig-
ure 20.4). What charges generate the field in the insulator?
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First, this is the bound space charge of the insulator
Q=3a(R—R)p (20.22)

and, second, the bound charge Q' on the outer surface of
the ball, which according to (20.14) is

0= (e-—‘l)(? s (20.23)

Let us find at point A the potential of the field generat-
ed by the bound space charge Q. Since this is not a
point charge, we must employ the DI method. But if we
apply this method formally, we may arrive at a wrong
result. In view of the symmetric distribution of charge
Q, we partition the hollow ball into thin concentric spher-
ical layers whose thickness dz is so small that the ele-
mentary charge

dQ = 4nz*dzp (20.24)
(where z is the radius of the layer) of each layer can be
thought of as distributed over a sphere. Then, according
to the superposition principle, the total potential at
point 4 is equal to the sum of the potentials of the fields
generated by the elementary charges on these spheres.
But the elementary potential generated at point A by a
sphere must be calculated by different formulas, (20.15)
or (20.16), depending on whether point A is an interior
or exterior point in relation to the particular sphere.

To allow for this complication, we draw through point
A a sphere of radius r centered at point O (see Fig-
ure 20.4). This sphere divides the hollow ball into two
sublayers: a sublayer with radii R, and r and a sublayer
with radii r and R.. In relation to the first sublayer,
point A is always an exterior point with respect to the
elementary spheres of the sublayer, while in relation to
the second, point A is always an interior point. Consider
an elementary spherical layer of thickness dz in the first
sublayer (Figure 20.5). Its elementary potential at
point 4 is, according to (20.16),

do
dg=—22_, (20.25)
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where we have allowed for the fact that the charge dQ
is located in an insulator.

The validity of (20.25) in the superposition method is
justified in the following manner. The potential at point
A is generated by the free charge dQ and the bound charge
—dQ" = — [(e — 1)’e] dQ distributed over the sphere of

Figure 20.5 Figure 20.6

radius z. The total potential generated by these charges
at point A is
doo_d0 40" _ do_ _(e—hde _ _do

P= 4ner Anegr | dneyr dneger | 4dae,er
which coincides with (20.25).

Integrating (20.25) with respect to z from R, to r, we
find the potential ¢, generated at point A by the charge
of the first sublayer:

i dmprtdr _ R}
o=\ Tneger az,z (’2 ')' (20.26)
1

We now consider the second sublayer and take an ele-
mentary spherical layer of thickness dz in this sublayer
(Figure 20.6). The elementary potential generated at point
A by the charge on this spherical layer is, according
to (20.15),

dop=-2_, (20.27)

4neser
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Allowing for (20.24) and integrating (20.27) with respect
to z from r to R,, we find the potential ¢, generated at
point A by the charge of the second sublayer:

Rp
w=( el _gR . (029
)

4negez 2e0¢ 2e8
Finally, the potential @, generated at point A by the
bound charge Q' (see (20.23)) is, according to (20.15),

(e—1)(RI—RDp
2= e e (20.29)

Thus, the total polenna] generated at point A by all
charges is

P=Pt Pt o=—
with

2 (52 ve. @

c=PR: pR, +(e—i)(R3 —Rie (20.31)

a constant. Let us transform Ctoa form needed later:
_(Ri—Rbe , p(RI+2R} o
C=Twm o en, - 0
Knowing the potential distribution (20.30), we can
find the potential at the outer surhce of the ball,
(R}
o (R)= -2 (B+5E) +c,
and at the inner surface,

_ _ PRI
PR = -5+ C
The potential at the center of the ball, g, is equal to the
potential at the inner surface, ¢ (R,).
(2) Gauss' method. Using Gauss’ law, we find the mag-
nitude of the electric displacement vector at point A
(see Figure 20.6):

Dxénr3=%n(r’—ﬂbp,

D:%(._% . (20.33)
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Next we find the magnitude of the electric field strength
at the same point:

E=

S-B). e

Upon integrating the relationship E = —dg/dr we get
the potential distribution in the ball:

R?
o= =3 (=) = =g (F+ ) +en
(20.35)
The integration constant C; will be found from the requi-
rement that the potential be continuous and the fact that
the potential at the outer surface of the ball is determined
solely by the value of the free charge Q (20.22
_ (R—R)
@ (Ry) = 41..,n, R
Substituting this into (20.35),

(R2—Ri)p
aw,,n; = 3%:( )+C"

we arrive at the following expression ior the integration
constant:

2 RY
€,= B=Rio | (R+2R)p (20.36)

Thus, the final result is

_ o Ry, (RI— R’)p (R1+2RD p
¢=- dm( T+ )+ + BegeR

which coincides with the expression (20.30) obtained by
;33 s\zxperposmon method if we allow for the value of C
32)

The problem can be made more complicated if, say,
we put in the cavity a metal ball or a dielectric ball (with
a difierent dielectric constant ;) uncharged or charged
over its volume with another charge density p,, etc. For
example, from (20.37) we can obtain an expression for
the potential distribution inside a uniformly chaiged
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solid ball of radius R,
et pRT Lt
=gt (1t %)
and at the center of the ball,
— PR A
e O=5=(1+5).
All these and similar problems can be solved by apply-
ing either the superposition method or Gauss’ method.
The reader must have noticed that in all the problems
solved in this section Gauss’ method proved to be simpler
and led to a result faster than the superposition method.
However, let us not hurry with conclusions but rather
consider a few more problems.
Example 20.5. A sufficiently long, round cylinder made
from a homogeneous and isotropic insulator with a known

dielectric constant € is placed in a homogeneous electric
field E, in such a manner that the cylinder's azis coincides

. "

-G +Q
¢ CH S ¢
—_——
E
Figure 20.7

with the direction of E, (Figure 20.7). Determine the elec-
tric field strength near the cylinder (inside and outside).

Solution. Clearly, Gauss’ method is useless here. Ap-
plying Gauss’ law, we arrive at the trivial identity D, =
D, expressing the continuity of the normal components
of the electric displacement vector. Let us apply the su-
perposition method. By E; we denote the electric field
strength inside the cylinder and by E, the electric field
strength outside. Owing to the polarization of the insula-
tor, bound charges —Q" and —Q’ gather on the bases of
the cylinder with a density ¢’. The resulting electric
fields E, and E, are the vector sums of E, and the elec-
tric fields generated by the bound charges —Q’ and +Q'.
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Let us now discuss the meaning of the words “sufficient-
ly long cylinder”. The cylinder considered here is so long
that the field generated, say, by charge +Q’ is weak in
the vicinity of charge —Q’ and can be neglected in com-
parison to the field generated by —Q’ in that vicinity.
The same is true of the field generated by —Q’ in the vi-
cinity of charge +-Q’'. Thus,

E,=E,—FE, E,=E,+E,

where E’ is the electric field strength generated by —Q’
(or +Q'). Let us find E’.

E’ is the field of a uniformly charged disk. Applying the
DI method, we find (see Figure 20.7, Example (18.5),
and formula (18.20)) the projection of the elementary
electric field vector on the disk’s axis generated by a
thin ring (the X axis is directed along the axis of the
disk):

_ zdQ __ 3mwo'zdr
dE. = 4ne, (rF2-x0)E  hme, (rP4-22)3 ¢

Integration with respecl to r from zero to R (the radius of
the disk) yields the electric field strength generated by
the disk (or the field of the bound charge —Q'):
. _t o'zrdr
E'=E,= } e (P 2:., [ ,/,._, I }

(20.38)
From this it follows, for one, that E’ is roughly zero
when z is very large. This completes the justification for
using the term “sufficiently long cylinder”.
Near the base of the cylinder z =~ 0 and
E'= 0'/(2¢,). (20.39)
Allowing for (20.6), we obtain
. —1) E,
L
and, hence,
E, =

o Ee (20.40)
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Note that the E, in (20.6) is the electric field strength in-
si.d]edthe insulator. In our case E, = E,. Then (20.6)
yields

o =2e,,:_',;_’ Eo (20.41)
From (20.39) we obtain
o _ e—1
E=< T E,
Hence,
2 90 49
Ey= 3 B, (20 42)

Example 20.6. An infinite homogeneous, wsotropic tnsu-
lator in which a specified homogeneous electric field E, has
been created contains a spherical cavity of radius R (Fig-
ure 20.8). A point dipole with an electric moment p is placed
at the center of the carity.
Determine the period of
the dipole's small oscilla-
tions if the moment of
inertia of the dipole abou ¢
the rotation aris is J.

Solution. The problem
is similar to Example
19.5. We can easily find
the period of the dipole’s
small oscillations if we
know the field in the Figure 20.8
cavity. Clearly, Gauss’
method is useless here. Let us apply the superposition
method. Owing to the polarization of the insulator.
bound charges +-Q" and —Q’ gather on the two hemisphe-
res, and the densities o’ of these charges are not constants.
To calculate the field generated by a charged hemisphere
with a variable surface charge density ¢’ let us employ
the DI method. It can easily be demonstrated that on an
elementary ring the surface charge deusity is

o' =g,cos 6, (20.43)
0, =¢g, (e — 1) E, (20.44)

where
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is the maximum surface charge density (at point A in
Figure 20.8). Then the projection of the elementary elec-
tric field vector dE generated by
the ring at point O on the X axis

(the symmetry axis of the hemi-
sphere) is, according to (19.16),

R dE = 0, sin Ozcos’ 0846 .
e,

Integration yields the electric
field generated by one charged
Figure 20.9 hemisphere:

2
E, o 0,sinBcos26d8 _ (e—1)Ey
‘=.\ T 2%, 68
0

The field generated by the two hemispheres is
—1) E,
E,=2E,=L=]5
Thus, the sought field at the center of the spherical cavity
is

E=E+E=2tE, (20.45)

Since the field is now known, the subsequent solution of
the problem on the oscillations of the dipole is obvious
(see Example 19.5).

To conclude this section we examine another problem
involving estimation.

Example 20.7. An ebonute ball of radius R s uniformly
charged with electricity with a volume density p. What is
the radius R, of the sphere that divides the ball into two
parts whose energies are equal.

Solution. Let us draw a sphere of radius R, (Figure 20.9).
We must determine the energy W, of a ball of radius R,
and the energy W, of a spherical layer with radii R,
and R. For this we must know the field in the ball. This
can easily be found by employing Gauss’ method. By
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Gauss' law of flux,
D x 4ar=- % aurdp.

Thus, the field inside the ball is
E=

Sz,e *

Applying the DI method, we find the energy dW of the
field existing inside a thin spherical layer of thickness dr:

AW =wdV = 2E gnrzgr = 2""' rdr,

where w is the energy density of the electnc field. Inte-
grating, we obtain

_ 27pRY _ 27p* (RS —RY)
1S e 2T T g -
Since W, = W,, we find that
R
R =-2_~
'TV2
The ical answer is hat unexpected: the

outer spherical layer whose thickness is only (approxima-
tely) one-tenth of the radius contains half of the energy
of the entire ball.

21. Conductors in an Electrostatic Field

The surface of a conductor constitutes an equipotential
surface. The method of images is based on this property.
This method makes it possible to calculate various elec-
trostatic fields, determine the capacitance of a system of
conductors, etc.

The method of images relies on the following state-
ment: if in an arbitrary electrostatic field we replace an
equipotential surface with a melal surface of the same
shape and create the same potential on the metal surface,
the electrostatic field does not change

Let us consider the electric field that exists in the space
between a point charge +Q and an infinite metal plane
whose potential is zero. In view of the above principle this
field is equivalent to an electric field generated by the
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given point charge --Q and a point charge —Q that is
the mirror image of the given charge --Q in the metal
plane (Figure 21.1).

Example 29.1. A point charge Q = 2 X 10-3 C s
placed at a distance | =1 m from an (nfinite metal plane
that is grounded (Figure 21.1). Determine the interaction
between the charge and the plane.

Solution. The metal plane is in the electrostatic field of

the point charge. Owing to electrostatic induction, on the
side of the plane closest to the charge there appear induced

P
oy |
. q !
b '
__{_ 9=0 1
i Yl
I |
|
@
Figure 21.1 Figure 21.2

electric charges of the opposite sign. Hence, a force of in-
teraction develops between Lhe given point charge and
the charges induced on the metal surface. By the hypothe-
sis, the potential of the metal plane is zero (Earth's po-
tential is assumed to be zero). Consequently, according
to the method of images, the electric field existing in
the space between the point charge and the metal surface
is equivalent to the field generated by the given point
charge and its mirror image in the metal plane. According
to Coulomb’s law, the sought interaction is given by the
force

PR ~
Fegdor . FR9X107TN.

Example 21.2. 4 point dipole with an electric moment p
is placed at a distance | from an infinite conducting plane.



Ch. 6. The Electric Field 159

Determine the magnitude of the force acting on the dipole f
vector p is perpendicular to the plane.

Solution. According to the method of images, the field
generated by the given dipole and the charges induced on
the plane is equivalent to the field generated by two di-
poles, namely, the given dipole and its mirror image in
the plane (Figure 21.2). The dipoles are separated by a
distance of 2I, Thus, the sought force F is that with which
the image-dipole acts 6n the given dipole. It can easily
be proved that the field strength E at a point on the di-
pole’s axis at a distance r>> I, (the dipole’s length) is given
by the following formula

P
E= 4neyrd
Hence, the force acting on the given dipole is
F=F —F,
where
_2p0
=QE,= Tne,s

is the force acting on the negative charge of the given di-
pole, and
= - 2pQ
h=Ch =y
the force acting on the positive charge of the given di-
pole. Allowing for the fact that r = 2l and p = Ql,, 21> I,
and performing simple manipulations, we obtain

Example 21.3. A thin, infinitely long string is uniformly
charged with electricity with a linear density © and is placed
parallel to an infinite conducting plane at a distance 1
from the latter (Figure 21.3). Find (a) the magntude of the
force acting on a section of the string of unit length, and (b)
the distribution of the surface charge density o (z) in the
plane, where z is the distance from the plane that is perpen-
dicular to the conducting plane and passes through the
string.
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Solution. Clearly, to find the force acting on a segment
of the string of unit length we must calculate the field
generated by the mirror image of the string (see Figure
21.3). The field generated by the string can easily be

ON

Figure 21.3

found, say by employing Gauss' law of flux (see (19.4)):
T
E= 2ager
In our case r = 2. Thus, the force acting on the segment
of the string of unit length is
ey
F=Et= e
To carry out the second task, we determine the field gen-
erated by the string and the string's image at point 4
(see Figure 21.3):
E, — 2t _ T
1= Tne, (@) A (1)
The induced charges generate a field E, near the conduct-
ing plane (outside it), which we find by employing
Gauss’ law:

E,=ole, (21.1)
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These induced charges distribute themselves in such a
manner that their field inside the plane neutralizes the
effect of the external field E, (i.e. the field inside a con-
ductor placed in an electrostatic field is nil):

E, + E, =0. (21.2)
Consequently,

_ T
= RETm
Thus, in the method of images we are most often con-
fronted with the problem of calculating the field charac-
teristics of specified charges and their mirror images,
that is, solving the basic problem of field theory.

Example 21.4. A very long straight string has been uni-
formly charged with electricity with a linear density T and
is placed at right angles to an infinite conducting plane in
such a way that its lower end s 1 distant from the plane
(Figure 21.4). Point O is the trace of the string on the plane.
Determine the surface density of the charge induced on
the plane (a) at point O, and (b) at a point A that isz
distant from point O (in the plane).

Solution. Using the method of images, we first calculate
the field generated by the string and its image at point O.
To determine the field generated by the string alone at
point O we employ the DI method. The point charge
dQ = T dr carried by an element of the string of length
dr generates at an arbitrary point on the string's axis r
disl!ant from the element (see Figure 21.4) an electric
field

__do _ _dr
AE = e = Tmgg
Integration yields
¢ xdr T
E= ( Tneg  Gmegr *
r
In our case r = L. Thus, the field strength E, generated at
point O by the string and its image is

E\=2E=r.

11-0498
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Allowing for (21.1) and (21.2), we find the density o, of
the charges at point O in the conducting plane:

«
%= *

Let us now find the density o of the charges induced at
point A in the plane (Figure 21.5). To do this we must
again calculate the field of the string and its image, but
this time the field génerated at point A. Applying the

Figure 21.4 Figure 21.5

DI method, we find the magnitude of the vector dE re-
presenting the elementary field generated at point A by
the point charge dQ = t dl of the element dl (r distant
from A) of the string alone:
—_do __ _zd_
4B = o™ = Trneg™ -
Since dl = r da/cos o and r = z/cos @, we have
tda
dE= proeal
Figure 21.5 shows that the resultant electric field gen-
erated by the string and its image at point A is directed
along the Y axis and, hence, E, = 0. Therefore, we will
only find the projection dE, of dE:

" Tsinada
dE,,=dEsma=—W—
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I yields the projection of the electric field vector
of the string on the Y axis:

3
E _’g tsinada _ tcosay
v ne,r  dnegr

@

Thus, the electric field of the string and its image gener-

ated at point A:
tcosa T
E,=2E,= Zu,,t. = Zne, B NA ¢
Allowing for (21.1) and (21.2), we can determine the
surface density of the charges induced on the plane:

o

[ S
2n (8 2
Clearly, for z = 0 we have ¢ —= g,.

Example 21.5. A thin ring of radius R has been uniform-
ly charged with an amount of electricity Q and placed in
relation to a conducting
sphere in such away that the
center of the sphere, O, Lies
on the ring’s azis at a dis-
tance of L from the plane of
the ring (Figure 21.6). De- ~
termine the potential of the
sphere.

Solution. The conducting

sphere is situated in the Figure 21.0
field of the ring. We wish
to 1 the p ial of the d . This con-

stitutes a basic problem of field theory. Since the field
is not symmetric, it is doubtful that Gauss' law of flux
will lead to meaningful results. Let us employ the super-
position method.

The field of the ring induces charges of magnitude —Q"
and +Q” on the conducting sphere. The resultant field is
generated by three charges: Q, —Q’, and Q. Hence,
according to the superposition principle, the potential of
the conducting sphere is¢ = @, -I- @, 4- @,, where @, @,
and @, are the potentials of the fields generated by the
110
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charges Q, —Q’, and -+Q", respectively. But at what
point of the sphere? The answer is: at any point, since
the potential of a conductor placed in an electrostatic
field is the same for all points of the conductor.

In our case, the entire volume bound by the conducting
sphere is equipotential. Thus, we need only calculate
the potential at the most convenient point, the center of
the sphere. Indeed, notwithstanding the fact that we
know neither the values of the induced charges —Q’
and +Q” nor the distributions of the respective charge
densities —o’ and --6” over the sphere, we can state that
the total potential of the field of these charges at the
special point (the center of the sphere) is zero: g, +
@, = 0 (the induced charges —Q' and -+Q” lie at equal
distances from the center of the sphere, are equal in
magnitude, | —Q" | = | +Q” |, and are opposite in
sign). Hence, we need only calculate the potential @,
of the ring’s field at O (see Figure 21.6):

1= W . (21.3)
This constitutes the sought potential of the sphere,
P =65

The terms of the problem can be made more complicat-
ed. Suppose that the charge Q on the ring is not distri-
buted evenly. Clearly, solution (21.3) remains unchanged.
Now suppose that in addition to the charge Q of the ring
there are other charges contributing to the field: a point
charge Q,, and charge Q, carried by a thin segment, etc.
It is easy to show that in all these cases the solution is
reduced to calculating the field (the potential) of the new
charges Q;, Q, etc. at the center of the sphere. The prob-
lem has proved to be nonstandard: we are supposed to
guess that the most “preferable” point is the sphere’s cen-
ter.

The capacitance

C =Qly (21.4)

of a single conductor specifies the electric field that appears
outside the conductor and on its surface (potential ¢)
when a charge Q is imparted to the conductor. This im-
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plies that finding the capacitances of conductors is reduced
to calculating the potential of this field (i.e. constitutes a
basic problem of field theory).

Example 21.6. Determine the capacitance of a single
spherical conductor of radius R, surrounded by an adjacent
concentric layer of a homogen-
eous insulator with a dielectric
constant e and an outer radius R,
(Figure 21.7).

Solution. Let us impart a char-
ge Q to the spherical conductor.
Then there appears an electric
field at the surface of the con-
ductor and outside of it. If we
calculate the potential of the
conductor at its surface, @ (R,),
we can use (21.4) to find the Figure 21.7
capacitance C. Calculation of
the potential of the field (the field is symmetric) can be
done by Gauss’ method. By Gauss' law of flux,

D X 4nr? = Q,

lwhera R, <r < R,. Hence, the electric field in the insu-
ator

E

= 4meger? *
After integrating the relationship E = —dg/dr, we arrive
at the following distribution of potential in the insulator:
- _Qdr___Q
P=- S Aneger® | dneger +e
The constant of integration can be found from the
condition ¢ (R,) = Q/4ne,R,:

_QoE—1)
T negeR; ©

Thus, the final formula for the distribution of potential
in the insulator is

00 = g (++71)-

c




166 Part 2. Solution of Standard Problems

Employing the condition that the potential is distributed
continuously, we can find the potential of the spherical
conductor,
( 1 &1 \
4:(:0» R, ' R, /'
and its capacitance (21.4),
C=—"Q Q 4negeRy

9R) C T¥ - RJR,

Example 21.7. The gap between the plates of a plane-
parallel capacitor is filled with an isotropic insulator whose
dielectric constant varies in the direction perpendicular to
the plates according to the linear law from e, to e,, with
e, > €,. The area of each plate is A, and the distance be-
tween the plates is d (Figure 21.8). Determine the capacitance
of the capacitor.

Solution. We point the X axis upward and place the
origin on the lower plate (see Figure 21.8). Since & va-
ries according to the linear law, we can write

e =a + bz, (21.5)

where the constants a and b are determined from the
boundary conditions(e = ¢, at z=0 and e =, at z =

Q)=

a=¢e;, b=(e;—ey)/d. (21.6)
Thus,
e=g+ H—‘ z.

We impart a charge Q Lo the lower plate of the capacitor
and use Gauss’' method to calculate the strength of the
field generated by this charge:

E=-2 —_ ¢ __
et @b d °

After integrating the relationship E = dg/dz, or dp =
Q dz/e,A (a + bz), we can determine the potential differ-
ence Ag between the plates:

d



Ch. 6. The Electric Field 167

Hence, the sought capacitance is given by the formula

co L- eodd _ _ tod(es—er)
To (14-bd/a) dln(egfey)

This problem can be generalized by assuming that the
dielectric constant varies according to an arbitrary law
e =/ (z), with f(z) an arbitrary function of z, say
{ (x) = a". It is easy to demonstrate that such problems
can be solved by the same method.

Example 21.8. Determine the capacitance of a spherical
capacitor with plate radii Ry and R, and R, > Ry; the

Figure 21.8 Figure 21.9

space between the plates is filled with an isotropic insulator
whose dielectric constant varies according to the law e =
alr®, where a is a conslant, and r the distance from the ca-
pacitor's center (Figure 21.9).

Solution. We impart a charge Q to the inner plate of
the capacitor and use Gauss’ method to calculate the field
strength inside the insulator,

E=__*<_

o __ o
TTmeger’ | dmegs '

and the potential difference between the plates,

4ne,,a

Ry i
Aw=§ B =2 (R,-R)
:
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Hence, the capacitance of such a spherical capacitor is
given by the formula
__4neg
C__Hz—ﬂl .

To conclude this section we consider one more problem.

Example 21.9. Determine the capacitance of a section of
unit length of a two-wire line.

Sol. The formulation of the problem is i
Let us idealize the problem. We assume that the linear
charge density (charge per unit length) on one wire is

Figure 21.10

—7 and on the other, +7. We also assume that all other
bodies are so far from the line that their effect on the
electric field in the space between the wires can be ig-
nored. Finally, we assume that the wires have the same ra-
dius and that r < I, where 1 is the distance between the
wires. Thus, the physical system consists of three objects:
two infinitely long thin, straight parallel wires uniformly
charged with linear charge densities —t and +-T and the
electric field generated by these charges. We wish to
find the capacitance of a segment of unit length of such
a system.

This problem is linked to the basic problem of field
theory. Let us calculate the field strength between the
wires at an arbitrary point A that is positioned at a dis-
tance z from the left wire (Figure 21.10). Employing the
superposition principle and the formula for the strength
of the field generated by an infinitely long straight, uni-
formly charged string, we get

T T
E= et i
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Allowing for the relationship between field strength and
potential, we get
9= -\ Edz=— pe Inz—In(l—2)+e,
where ¢ is an arbitrary constant. This gives us the poten-
tials of the left and right wires:
@= = gag N =In (= n)l+e,
Pp= - 2:'0 (In(@=r)=In()]+ec
Next we find the potential difference between the wires:
T 1
Ao=q - @=—r=In——.

Since r < I by hypothesis, we have

A(v:% In%

Employing relationship (21.4), we can determine the ca-
pacitance of a section of unit length of a two-wire line:

T __T&
C= Ap  In(/r)y "

22. Direct Current

The basic problem of direct-current theory deals with the
calculation (or design) of an electric circuit. In general
this problem can be formulated as follows: given an arbit-
rary electric circuit and some of its parameters (emf's, re-
sistances, etc.), find some other (unknown) quantities (cur-
rents, work, power, quantity of heat, etc.). Note that one
should assume current I to be the most important, or
fundamental, quantity in direct-current phenomena.
Knowing (or finding) this quantity, we can find practical-
ly any other quantities (work, power, amount of heat,
energy, parameters of the magnetic field, etc.) characteriz-
ing a particular phenomenon. Therefore, the basic prob-
lem of direct-current theory consists of finding the cur-
rents. Such a formulation of the problem is too general,
and we, therefore, break it down into more concrete and
harrow types.
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(1) An electric circuit contains only one current source.

(2) An electric circuit contains several identical cur-
rent sources.

(3) An electric circuit contains several different cur-
rent sources.

Problems of the first type are solved by consistently
applying Ohm’s law for a closed circuit, Ohm's law for a
uniform circuit element, and sometimes applying Kirch-
hoff's first law. If the problem is formulated correctly,
the system of equations that arises from these laws is
closed and, hence, the problem can be considered physi-
cally solved.

Problems of the second type can easily be reduced to
those of the first if by using the rules of connecting iden-
tical current sources into batteries one finds the result-
ing emf of the circuit, &, and by applying the rules for
connecting resistances one finds the resulting internal
resistance of the battery, r,.

Problems of the first and second types are solved pri-
marily in secondary school and will not be considered
here.

Problems of the third type are the most general and
cannot be reduced to problems of the first and second
types. They are solved by applying laws that differ essen-
tially from Ohm's laws for a uniform circuit element and
a closed circuit. The latter cannot be applied because in
the majority of such problems we cannot determine the
resulting emf &,

Several methods exist for so]ving problems of the
third type. The most widespread is based on the applica-
tion of Kirchhofi's laws. We will examine the essence
of this method by idering a p

Example 22.1. Determine the current flowing through a

cell with an emf & if & =1V, & =2V, & =3V,

Q,r, = 0.5Q,ry = 1/3Q, Ry = 1Q, and Ry = 1/3Q
Uhigure 221,

Solution. The physical system consists of an electric
circuit containing several different current sources. It is
impossible to find the resulting emf and, therefore, we
cannot apply Ohm'’s law for a closed circuit. In this case
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the electric circuit can be calculated by applying Kirch-
hoff’s laws.

First we must select (arbitrarily) the directions of cur-
rents in the branches. We select these directions as shown
in Figure 22.1. If a direction is chosen incorrectly, the
respective current will emerge as negalive in the final

I
-~ €ry

—&3rs

+
b

Figure 22.1

solution, and if it has been chosen correctly, the current
will emerge as positive.

Let us apply Kirchhoff’s first law. This law (or rule) is
valid for the nodes in a circuit. The given circuit has two
nodes, points A and C. For node A Kirchhoff’s first law

yields
L+I,+1,=0. (22.1)

For node C Kirchhofl's first law gives nothing new-

Now let us apply Kirchhoff's second law, which is va-
lid only for closed loops. There are three loops in the
given circuit: ABCA, ACDA, and ABCDA. We consider
loop ABCA. It contains two emf's (£, and &,), three
resistors (ry, ry, and Ry), and two currents (, and I,). To
apply Kirchhoff's second law we must select (arbitrarily)
a sense of traversal of a loop that is positive by conven-
tion. This is necessary to determine the signs of the emf’s
and currents. If the directions of the emf's and currents
coincide with the sense of traversal of a particular loop,
the emf's and currents are considered positive; and if the
directions do not coincide, they are idered negative
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We select the counterclockwise sense of traversal of
loop ABCA as positive. The emf &, is directed counter-
clockwise, so it is positive; the emf &, is directed clock-
wise (i.e. opposite to that of traversal of the loop), and
so it will enter into the equation expressing Kirchhoff's
second law with a “minus”. Current J, passes through re-
sistors ry and R, and its direction coincides with the sense
of traversal of this loop. Current I, passes through resistor
ry and is directed opposite to the sense of traversal. Hence,
current I, is positive and current I, negative. By
Kirchhoff’s second law as applied to loop ABCA,

& —&=1,(r\+R) I, (22.2)

1f we were to take the clockwise sense of traversal of the
same loop as positive, Kirchhoff’s second law would yield

—&+&=—I(r+R)+Iprs,

which is simply Eq. (22.2) multiplied by —1. Obviously,
the two equations are equivalent to each other. Thus, the
essence of Kirchhofi's second law does not depend on the
arbitrarily chosen sense of traversal of a loop.

Let us nwow turn to loop ACDA. The counterclockwise
senso of traversal ol this loop will be chosen as positive.
Applying Kirchhoff’s second law, we obtain

E—E=Ir— Iy (rs+ Ry). (22.3)
Equations (22.1)-(22.3) constitute a closed system.

Ilence, physically the problem can be considered solved.
Solving the system of equation, we find that

L= —5 A L=—+A 1,=%A

We see that currents I, and I, are negative. This means
that by accident the directions of the currents 7, and I,
were chosen wrongly. Current I, is positive, which means
that its direction was chosen correctly.

Example 22.2. A cylindrical air capacitor with an inner
radius R, and an outer radius R, has been charged to a po-
tential difference A, (Figure 22.2). The space between
the plates is filled with a low-conducting material with q
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resistiity p. Find the leakage current if the herght (or length)
of the capacitor is l.

Solution. The physical system consists of the section
of the electric circuit in which the reason for the direction-
al motion of the free charges
in the low-conducting medium
is the electrostatic field exist-
ing in the space between the
plates. We consider the po-
tential difference Ag, of this
field as constant. Since the
circuit element is uniform (i.e.
there are no emf’s in it), the
current can be found by ap-
plying Ohm's law for a uni-
form circuit element,

I=Aq/R,  (22.4)

if we hnow the Lotal resistance
of this element. This
quantity, R, can be found
via the DI method. The ele- 5 §
mentary resistance of a thin- Figure}22.2
walled cylindrical layer of
thickness (length) dr and radius r (see Figure 22.2) is
given by the formula

>
]

dr

2nrl

Integration yields the value of the Lotal resistance of Lhe
given element:

dR=p

3
o p R,
R=§ P o =27 Ing (22.5)
1
Hence
I = 2nlAQ,
= oIn(Re/Ry) *
Is solution (22.6) always valid? We can also pose a
number of other questions. We have said that after de-
termining the basic quantity, current, it is easy to deter-

(22.6)
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mine all other parameters of a circuit and the processes
that occur during the passage of current. For one, from

Joule's law,

Q = I*Rt, (22.7)
we can find the amount of heat Q liberated by a circuit
element during time ¢; or the law

q=1t (22.8)
can be used to find the amount of electricity that has
passed through a circuit element during time ¢.

Let us find the time interval ¢, during which the charge

initially on the capacitor, g, = C Ag,, will pass through
the circuit element, with

__ 2negel
€= Tmm @29

the capacitor’s capacitance. The solution

P % cA%;’l[TA(;g/R,) = egep (22.10)

is formal and essentially incorrect. Indeed, solution
(22.10) is valid only if the current is constant. From (22.4)
and (22.6) it follows that condition J = const is met only
if R = const and Ag, = const. But condition Ag, =
const means that at C = const the charge on the plates
of the capacitor must remain constant, which contradicts
the termsof the problem. The charge on the plates decreases,
which means that the potential difference Ag also
decreases. This implies that, strictly speaking, the leak-
age current does not remain constant, as it should accor-
ding to (22.6). Solution (22.6) is valid if Ag = const,
which, strictly speaking, is never the case.

Obviously, the way out of this situation is as follows:
we consider the potential difference A@ as changing so
slowly in the given conditions that these changes can be
ignored and it can be assumed that Ap = const. This
condition corresponds to the notion of a “low-conducting
medium” in Example 22.2. Now we make the problem
more complicated by assuming that in reality the poten-
tial difference A¢ is not constant.
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Example 22.3. Using the terms of Ezample 22.2, find
the law of variation of the leakage current with time.

Solution. Suppose that the current changes so slowly
that at every fixed moment in time Ohm’'s law (22.4)
holds. Then

- % = A_l? , (22.41)
where [ = —dg/dt and Ag = g/C are the instantaneous

values of current and potential difference. Thus, we have
arrived at the differential equation
d
—d_ o (2242

for the unknown function ¢ = g (), which is the charge ¢
on the plates of the capacitor at any moment ¢ in time.
Separating variables and integrating, we get

1
Ing= —gctter

Allowing for the initial conditions (g = g, = C Ag, at
t = 0), we can find the constant: ¢, = In go. Thus,

q— q,e-'/RC. (22.43)

We will call the constant T = RC the relazation time, or
the relazation constant. It is easy to see that T is the time
it takes the initial charge g, to diminish by a factor of
e~ 278 .... In our case,

e ln (Ry/Ry) 2neqel
= TRy P (22.14)
which coincides with (22.10). Thus, ¢, is not the time
that it takes the entire charge g, to flow from one plate
to the other, but only the relaxation time. From (22.13)
we see that it takes an infinitely long time for the charge
to flow from one plate to the other (7 =0 at ¢ = oo).

From (22.13) we can also arrive at the laws of variation
of other quantities, the potential difference and the cur-
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rent:
Ag= % = %_ o~ !/RC = Aqe-t/RC, (22.15)
I=— %_ = T?'C_ o-1/AC — A:o e-t/RC— [ o-1/RC, (22.16)

Thus, formula (22.6) gives only the initial value of the
leakage current.

Now let us clarify the meaning of the concept of a low-
conducting medium. This is a medium in relation to
which we can ignore the variations in the instantaneous
values of current (22.16), potential difference (22.15),
charge (22.13), and other quantities. These variations can
be ignored if the relaxation time < is relatively large.
Hence, a low-conducting medium is one in which the re-
laxation time 7 is relatively large.

Let us estimate the relaxation times of some of the ma-
terials in our case. We start with paraffin (¢ =2, p =
3 x 10 Q.m). Then (22.14) yields

T = goep, T~ 5.3 X 10° s ~ 6.1 days.

Let us assume, for the sake of convenience, that the dura~
tion of observation is T, & 1 s. Thus, paraffin can be con-
sidered a low-conducting medium with a very close ap-
proximation.

If we use formula (22.14) to estimate the relaxation
times of two types of quartz with e, = 4.4, p, =3 X
10 Q.m and e, = 4.7, p, = 1 X 10'2 Q-m and of mar-
ble with g5 = 8.3, p; = 1 X 108 Q-m, we obtain 3.25 hr,
42 s, and 7 X 10-® s, respectively. Ilence, while both
types of quartz can be considered low-conducting mate-
rials, marble cannot. Of course, if the characteristic du-
ration of observation is T, = 10-®s, we can even consider
marble a low-conducting medium.
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Chapter 7
THE MAGNETIC FIELD

23. The Magnetic Field in a Vacuum

When studying magnetic fields, we must include in the
phlysical system the sources of magnetic fields and their
fields.

The basic problem of the theory of magnetic field (as
well as the theories of gravitation and electric field)
consists of calculating the characteristics of the
magnetic field of an arbitrary system of currents and
moving electric charges,

which is equivalent to determining the magnetic induc-
tion B at an arbitrary point
in the field. This problem is
solved by applying the Biot-
Savart law in differential
form

dB=2ldXr - (53)

the superposition principle,
and the DI method (see Sec-
tion 6). A theorem often em- Figure 23.1
ployed in this connection is

concerned with the circulation of vector B,

§ B-dl=p, 7, (23.2)

especially in cases where (23.1) is invalid.

It is advisable first to solve several elementary problems
involving two widespread sources of magnetic field (the
results will be given without calculations): the magnetic
induction of a circular current 7 of radius R at a point A
on the axis at a distance z from the plane of the current
(Figure 23.1),

IR
B=stmropr 23.3)
and the magnetic induction of a section of straight wire
carrying a current I at a point 4 lying at a distance ro

12-0408
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from the wire (Figure 23.2),
B= p" (co«a,— cosa,). (23.4)

Then we can (ormulale and solve literally dozens of
problems involving the calculation of magnetic fields gen-
erated by various combinations of the above sources:
squares, l,n.mgles, rectangles, trapezoids, figures formed
by bi circles, half- etc. All these
proh]ems can be solved by the superposition method.
What is most essential is to allow for the vector nature
of the superposition principle.

Example 23.1. Find the magnitude of the magnetic
induction B of a magnetic field generated by a system of

v
By
I .
z
Figure 23.2 Figure 23.3

thin conductors (Figure 23.3) along which a current I is
flowing at a point A {0, R, 0} that is the center of a circular
conductor of radius R.

Solution. The magnetic field is generated by three sour-
ces: the XO half-line (the positive half of the X axis), the
circular conductor of radius R centered at point A {0, R, 0}
and lying in the ZOY plane, and the half-line 0OZ (lhe
positive half of the Z axis). The current in all three
conductors is the same, I. The magnetic induction B, of
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the magnetic field generated by the current flowing in
the XO conductor lies in the ZOY plane and points in
the direction opposite to that of the Z axis, the magnetic
induction B, of the magnetic field generated by the
current flowing in the circular conductor lies in the XOY
phane and points in the direction opposite to that of the X =
axis, and the magnetic induction By of the magnetic
field generated by the current flowing in the OZ conduc-
tor lies in the same XOY plane but points in the direction
opposite to that of B, (Figure 23.3). We use (23.4) to
find the magnitudes of B, and

'

and (23.3) to find the magnil,ude of By,
B,= 2R .
According to the superposlhon principle,
B=V BT (B,~ Bi="L VI —Zn+1).

Example 23.2. A current of density j flows along an
infinitely long solid cylindrical conductor of radius R.
Calculate the magnetic induction inside and outside the
conductor.

Solution. Since the conductor is not thin, the Biot-Sa-
vart law (23.1) and its corollary (23.4) cannot be employed.
Let us use the circulation theorem (23.2). We consider
a point 4, lying at a distance r, from the conductor’s axis
(Figure 23.4). We draw a circle of radius r, centered at
point O on the conductor’s axis. In view of the symmetry
of the problem, the magnitude of B, is the same at each
point of the circle. The sum of the currents =/ encompas-
sed by this loop (the clrcle) is equal to jur}. Thus, by the
circulation theorem (23.2),

By X 21ry = pojnr}.

This yields the following formuln ior the magnitude of the
magnetic induction at poml

Bi=% + i (23.5)

12+
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Let us take a point A, lying at a distance r, > R from
the conduclor's axis (see Figure 23.4). Applying the
circulation theorem, we get

B, X 2nr, = pojnR2.
Hence, the magnitude of the magnetic induction outside
the field is given by the formula
B,= R (23.6)

2ry
The diagram that demonstrates the behavior of the magnet-
ic induclion of a solid cylindrical conductor is given
in Figure 23.5.

- ~Q
/
/
/ 8
!
l 1
\
\ I
\
\
N~ o R r
Figure 23.4 Figure 23.5

Example 23.3. A thin band of width 1 has been wound
into the shape of a pipe of radius R (Figure 23.6). A current
I flows along the pipe and is evenly distributed throughout
its width (the direction o/ the current is thown in Fi igure 23.6).

Determine the l the at an
arbltrary point on 2 the pipe’s axis.
ion. The cond can be idered to be neither

thm nor a current element. Hence, we cannot employ
the Biot-Savart law (23.1) or its corollary (23.3). It is
also difficult to employ the circulation theorem (23.2)
since the magnetic field possesses no symmetry. Let us
employ the DI method.

We partition the pipe into rings so narrow that each
can be considered to be a thin circular conductor. We
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consider one such narrow ring of width dz positioned at
a distance z from an arbitrary point A, (Figure 23.6).

Figure 23.6

The elementary current in this narrow ring,
dI= "_‘ I, (23.7)
generates, according to A,, a magnetic field whose ele-
mentary magnetic induction is
PolR®dz
3(RT + 298 °
It is convenient to take the angle @ at which the radius of

each thin ring is seen from point A, as the integration
variable. Since
R

- — _ Rda 2
z=Rcota, dr= o R+zz_m

dB=

we have
_ Kol sinada
dB= -

Integration yiclds
az .
B= \ M = -‘% (cosa, —cosa,). (23.8)
a
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If we introduce the concept of a current per unit length

of pipe,
I, =11, (23.9)
then (23.8) assumes the form
B= ""zl" (cosa, — cosay). (23.10)

This formula is also true for a solenoid if we allow for
the obvious formula I, = nl,, where r is the number of
turns of wire per unit length of solenoid, and 7, the current
in the solenoid. Hence, for a finite solenoid we have

B= "";" (cos a, — cos a,). (23.11)

The above formulas (23.8), (23.10), and (23.11) also
liold true for a point A, positioned on the axis outside the
solenoid (see Figure 23.6).
Note that for point A, the
angle a, is always obtluse,
while for point 4, it is always
acute (excluding the points
at the end faces). It is useful
to study various particular
cases; point A, is at the
middle of the pipe or at its
ends, the pipe is infinitely
long, or the solenoid is infi-
nitely long (! - oo).

Figure 23.7 Example 23.4. A current I

flows in a long straight con-

ductor whose cross section has the shape of a thin arc of length

Land radius R (Figure 23.7). Determine the magnetic induc-

tion z of the magnetic field induced by the current at
point O.

Solution. 1t is easy to seo that the conductor can be
considered to be neither a thin straight conductor nor
a current element. Hence, we cannot employ the Biot-
Savart law (23.1) or its corollary (23.4). Since the magnet-
ic ficld possesses no symmetry, it is doubtful that the
circulation theorem (23.2) will yield any results. Let
us apply the DI method.
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Wo partition the conductor into long, straight conduc-
tors so narrow that each can be thought of as a long,
thin, straight conductor. From (23.4) it follows that the
magnetic induction produced by the current in an infini-
tely long, thin, straight conductor can be calculated via
the formula

_ B P
B= e (23.12)

Let us consider one such conductor whose width is dl
(Figure 23.7). The elementary current in such a conduc-
tor is

ar=3Ly,
]
and at point O it generales a magnelic field whose elemen-
tary magnetic induction is (see (23.12))
C medl el
4B == Smm -

It is easy to see that the resullant vector B is directed
along the Y axis (i.e. B, = 0). I'he projection of vector
dB on the Y axis is
_ Boldl
dB”— 2nlR
For the integration variable we take angle a. Since
dl = R da, we have
__ Mol cosada
4B, = ——m—.

cos a.

Intogration yields

R T cosard y
B,= s ulesade _ Mol sinle, (2343
—Go/2

where a, = l/R is the cenlral angle of the arc L. If @, =
x, (23.13) yields
'
52
Example 23.5. A current I flows along an infinitely long-
thin, straight band of width 1. Calculate the magnetic induc-
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tion of the magnetic field generated by this current at an
arbitrary point O (Figure 23.8).

Solution. With point O we link a coordinate system
whose axes are directed as
shown in Figure 23.8. To
calculate the magnetic’ field
we employ the DI method (as
in the two previous examples,
neither the Biot-Savart law
nor its corollary can be ap-
plied).

Let us partition the infinite-
ly long band into infinitely
long, narrow, straight sec-
tions each of which can be
thought of as an infinitely
long, thin, straight conductor.
Let us consider one such sec-
tion of width dl (see Figu-
re 23.8). The elementary current flowing in this section is

Figure 23.8

dl = "T‘l,

and it generates al point O a magnetic field whose inducti-
on is given by the formula (see (23.12))

_ Bedl _ poldl
B ==+
Suppose that point O is ro distant from the plane of the
band. Then

=l di=rt2 _ reda

cosa cosa  cosia’
Thus,
_ Iyl da
dB= 2nlcosa *

Let us find the projections of vector dB on the X and Y
axes:

_ . polsinada . _ poldT
dB,—stma—'fsz » dB,=dBcosa==%=.
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Integration yields

+a, in e
B, S Solsinada _ pol y, cosay (23.14)

2nlcosa 2nl cosa,y '
Sa
o
ol da _ pol (a3 +ay)
B, = Q T (2315
-a,

Introducing the concept of a current per unit width of
band, I, = I/l, we find that

A .
By =50 ‘“ﬁﬁ'ﬁ.‘l By="33 (@t @)

In the case where point O is positioned symmetrically
(i.e. @, = a,) we have B, =0 and B, = pola,/n. For
a band of infinite width (i.e. a plane) we have B, =0
and B, = p,[,/2 (i.e. the field generated by a plane
with an evenly’ distributed current I, is homogencous).

If the magnetic induction is known (or has been calcu-
lated by the described methods), thé solution of most
problems is reduced to solving the respective problems of
mechanics (often by applying the DI method). The
most widespread problems are those related to the behav-
ior of a flat current-carrying loop in a magnetic field.
Often one has to calculate the forces and torques acting on
the loop, determine the work donme in the process of
moving the loop in a magnetic field, etc.

Example 23.6. A thin conductor in the shape of a semicir-
cle of radius R carries a current I in the direction shown in
Figure 23.9. The conductor is placed in a homogeneous
magnetic field with a magnetic induction B = {0, B,, 0}.
Determine the force acting on the conductor.

Solution. It would be a mistake to use Ampére's law
in the form F = JIB,, where | = nR is the length of the
conductor, since each element of the conductor is posi-
tioned differently in relation to the magnetic field. Let us
apply the DI method.

e partition the conductor into sections so small that
each can be considered to be a current element. We
take one such section whose length is dI. The magnitude
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of the clementary force dF acling on this section is, by
Ampire’s law,

dF = [ dl B, sin a. (23.16)
1t is casy Lo see that all the elementary vectors dF, are
directed along the Z axis. Hence, veclor summation is

Figure 23.9

reduced to arithmetic. Since dl = R de, integration
of (23.16) with respect to angle & yields

i
F={ IRBysinadu=2IRB,
0

Many variants of this problem can be considered: the
magnetic induction may be directed along the X axis or
along the Z axis or at various angles to the coordinate
axes. All these problems can be solved by the DI method.

Example 23.7. A square current-carrying loop made of
thin wire and having @ mass m = 10 g can rotate without
friction with respect to the vertical azis 00, passing thro-
ugh the center of the loop at right angles to two opposite
sides of the loop (Figure 23.10). The loop is placed in a ho-
mogeneous magnetic field with an induction B = 10"' T
directed at right angles to the plane of the drawing. A current
I =2 A is flowing in the loop. Find the period of small
oscillations that the loop performs about its position of
stable equilibrium.
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Solution. The physical system consists of a known
(homogeneous) magnetic field, the current-carrying square
loop, and the free char-
ges moving in the material !
of the loop (current I). The
physical phenomenon con-
sists of the loop performing T

!

0

small oscillations under
the forces exerted by the
magnetic field on each cur-
rent element. Since the
magnelic  induclion is
known, we can find these
forces and their resulting Figure 23.10
torque.

When the loop turns through a small angle o away
from its position of equilibrium, a moment of Ampére
forces act on it:

s

I
1
|
|
|
|
|
I
10+
|

M = ppBsina, (23.17)
whero
pm = 1A = Ia* (23.18)

is the magnetic moment of the loop, and a the length of
the loop’s side. Applying the equation of motion (14.7),
we oblain

Jp=M, (23.19)
where J is the moment of inertia of the loop about the 00,

axis, and B =« the angular acceleration of the loop.
The loop’s moment of inertia is

J=2x g xEpaxtx M e tmat  (23.20)

Substituting into Eq. (23.19) the value of the moment of
Ampéro forces, (23.17), and the value of the moment of
inertia of the loop, (23.20), we obtain the following
equation:

&.+1'm£sina=0.



188 Part 2. Solution of Standard Problems

Bearing in mind that sin @ & @ for small a's, we obtain
a differential equation for the harmonic oscillations of
the loop:

a+HE a0 (23.21)

If we compare this equation with the general equation
for harmonic oscillations, we arrive at the following for-
mula for the angular frequency of the loop's oscillations,

w, =V 6IB/m,
and the period of oscillations,
To—2nV m/GIB, T,~0.57s.

As is known, when a flat current-carrying loop is moved
in a magnetic field, the following amount of work is
performed:

W = IA®D, (23.22)
where A® is the variation of the magnelic flux passing
through the area limited by the loop. If a point magnetic

dipole (a flat loop carrying a current / and having suffi-
cientlysmalld whose magneti vector is

pm = IAn (23.23)

is parallel to the magnetic induction B, calculating the
work amounts to calculating the magnetic field:

W=IA0=I(®|—®2)="T'" (B,— By) A= pm (B, —B,).
(23.24)

Example 23.8. Assuming that the terms of Example 23.3
remain valid, we place a point magnetic dipole with magnetic
moment p,, at point A, in the middle of the pipe's azis
(Figure 23.11). The dipole is then moved from point A,
to point A, along the azis in such a manner that vector py,
remains parallel to vector B. Find the work done in moving
the dipole.

Solution. Equation (23.24) shows that to solve the prob-
lem it is sufficient to calculate the induction B, of the
magnetic field at point 4, and induction B, at point 4,.




Ch. 7. The Magnetic Field 189

According to (23.8), we have

B, =t

[ __1__ gl 1
2 YRTOA 2

2 VhRern

Substituting these values into (23.24), we find that
Y. R S N
W=t (e V)
If the magnetic dipole that is moved in a magnetic
field is not point-like but an ordinary flat loop carrying

A1 A?
1z 1T
T
1
1
Figure 23.11

a current I, the DI method is often used to calculate
the magnetic flux.

Example 23.9. An infinitely long, straight wire carrying
a current I, = 5 A lies in the plane of a rectangular loop
carrying a current I, =3 A. The two are positioned in
such a manner that one side of the rectangular loop whose
length is | = 1 m is parallel to the straight wire and isr =
0.1 b distant from it, with b the length of the other side
of the rectangular loop (Figure 23.12). Determine the work
that must be done so that the loop isturned through an angle
a = 90° about the 00, azis, which is parallel to the straight
wire and passes through the middle of the opposite sides of
the loop whose length is b.

Solution. 1t is easy to see that when the loop is in its
final position, the magnetic flux passing through it is zero:
®, = 0. Thus, we need only to calculate the magnetic flux
@, passing through the loop in the initial position. Since
the field generated by a current I, flowing along an
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infinitely long, straight wire,
By=tul (23.25)
(see (23.4)), is nonhomogeneous, the solution @, = B4,
with A = Ib the area of the loop, is incorrect. We, there-
fore, apply the DI method.
We partition the area encompassed by the loop into
strips so narrow that within each strip the magnetic

: 1,2

Figure 23.12

field can be assumed to be homogeneous. We take one
such strip of width dz (see Figure 23.12) that is z distant
from the straight wire carrying current I,. The elementary
magnetic flux passing through this strip is

A0=BdA="tel1 1qz. (23.26)
After integrating with respect to z, we find the sought

magnetic flux:
0.1b4h

I3l Iyl
o, = Sb Lol gy — Hold gy,
0.1

Thus,
W= LAD = L, = 2oltlal 1n 4,
Substitution of numerical values yields W ~ 7.1 x 10-¢J.
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24. The Magnetic Field in Matter

When considering the magnetic lield in a magnetic sub-
stance, we introduce two physical quantities in addition
to the magnetic induction B: the magnetization J (the
magnetic moment per unil volume of the substance) and
the magnetic field strength

B
= 4.
H ™ J. (24.1)
For a homogeneous and isotropic magnetic substance,
B=puH. (24.2)
The relative permeability of a fer ti b

B, is a nonlinear function of
the magnetic field strength H.
ITence, when solving prob-
lems involving ferromag- -
netic substances one often ;g 7/
uses empirical B vs. H

BT
.

|
I
—+

2

curves. Figure 24.1 shows
such curves for iron, steel,
and pig iron.

Finding the magnetic
induction vector B consti- .
tutes the basic problem of © 0
the theory of magnetic sub-
stances. A common proce-
dure is to employ the magnetic circulation theorem,

fua=31, (243)

the B vs. H curves of the type shown in Figure 24.1, and
the fact that at the boundary between two different mag-
netic substances the normal component of vector B
varies continuously:

Pig iron

H, kA/m

Figure 24.1

Byn = Bgn. (24.4)

Example 24.1. A closed toroid with an iron core has
N = 400 turns of thin wire in a single layer. The mean
diameter of the toroid is d = 25 cm. Determine the magnetic
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field strength and the magnetic induction inside the toroid,
the permeability p of the iron, and the magnetization J /or
two values of the current flowing in the wire: I, = 0.
and I, =5 A

Solution. Applying the theorem on the circulation
of H (24.3) along the circumference of diameter d (the

Figure 24.2 Figure 24.3

median line of the toroid; Figure 24.2),

H x nd = 1IN, .
we find the magnetic field strength inside the toroid:
H=IN/nd.

Substituting the values of the current, we get
H,=255A/m, H,=2550 A/m.
Next, using the curve for iron in Figure 24.1, we deter-
mine the respective values of magnetic induction:
B,=09T, B,=145T.
We can now use Eq. (24.2) to find the values of the relative
permeability p = B/ H of the iron core:
m o~ 2.8 X 10%  p, =45 x 10%
FinallB);. usingHEq. (24.1), we can find the magnetization
J. I:7.1 X 10° A/m, J, =~ 1.4 X 10° A/m.
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Analysis of the above data shows that only the magnetic
field strength inside the ferromagnetic substance (iron) is
directly proportional to the current flowing in the wire,
while the other quantities, namely, induction B, perme-
ability p, and magnetization J, are nonlinear functions
of H and, hence, of the current I. i

Example 24.2. The winding of a toroid with an tron core
containing a vacuum gap that is l, = 3 mm wide has n =
1000 turns per meter. The mean diameter of the toroid is
d = 30 cm. What must the current I flowing in the winding
be if the magnetic induction B, in the gap is to be 1 T
(Figure 24.3)

Solution. Employing the theorem on the circulation of
vector H (24.3), we find that

Hnd + H,l, = Innd, (24.5)

where H is the magnetic field strength in the core, and H,
the magnetic field strength in the gap. Since the relative
permeability p of a vaccuum is unity, we can use (24.2)
and find the magnetic field strength in the gap:

H, =% . Hy=2 Am. (24.6)

Because the vacuum gap is narrow, we assume that the
radial components of the magnetic induction in gap and in
core are zero. Then, allowing for (24.4), we conclude
that induction B in the core is equal in absolute value
to B,. Using the appropriate curve in Figure 24.1, we can
find the magnetic field strength in the core: H =7 X
102 A/m. Thus, Eq. (24.5) yields

_H, Bk ~
I=J4 0 Ix32A (24.7)

Example 24.3. Let us change the terms of Ezample 24.2.
Suppose that the current flowing in the winding of the toroid
is I = 3.2 A. Find the magnetic induction Bg in the gap.
All other eonditions remain unaltered.

Solution. At first glance we seem to have formulated
a problem that is the reverse of the Problem 24.2 and the
solution can be obtained by employing formulas (24.5)
13-0498
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and (24.6). This system of equations contains three un-
kunowns, H, H,, and B,, and although these are connected
through the appropriate curve in Figure 24.1, we cannot
employ the curve directly. Nevertheless, the problem

Figure 24.4

is solved via a diagram. Since B = B,, h'om (24.7) we can
find the relationship between B, H, and I:

B=Imend _ pend g (24.8)
lo I

For a given I, Eq. (24.8) specifies a linear B vs. H
dependence for different cores. For a given core (made of
steel), the values of B and H in (24.8) must satisfy the
relationship specified by the appropriate curve in Fig-
ure 24.1. Hence, the sought values of B and H are the
parameters of the pomt M = (B H} where the curve in
Figure 24.1 corr i the straight
line reflecting Eq. (24 8) (Flgurc 24 4). In Figure 24.4 the
straight line (24.8) intersects the coordinate axes at
points A = {0, B,} and C = {H,, 0}, with

B,=”‘T"f"", B,~1.26T,

and

Hy=1In, H,=32X10° A/m.
The reader can easily see that the coordinates of point M
are B = By, =1 T and H = 700 A/m, which corresponds
to the data of Example 24.2.



Ch. 8. The Electromagnetic Field 195

Chapter 8
TIHE ELECTROMAGNETIC FIELD
25. El < Tnd and Self-Indueti

The basic law govermng the electromagnetic induction
phenomenon is Faraday's law

(25.1)

Hence,
the problem of finding the induction emf &, consti-
tutes the basic probl in the el tic in-

duction theory.

When performing the stage of physical analysis one
must thoroughly investigate the causes of the changes in
the magnetic flux @ and how this quantity actually varies.
Then one must determine the magnetic flux passing
through the surface encompassed by the loop as a function
of time ¢, that is, ® = @ (¢). Now Faraday's law (25.1)
can be used to find the induction emf.

Example 25.1. A flat square loop with a side a = 20 cm
is placed in a magnetic field whose induction B = (@ +
Bt?)i, where a =10"' T, B =10 T/s? and i is the
unit vector pointing along the X azis; the plane of the loop is
at right angles to B. Find the induction emf generated in
the loop at time t = 5s.

Solution. The physical system consists of the magnetic
field varying with time, the loop placed in this field,
and the induction current generated by this field in the
loop. We want to know the induction emf. The reason
why the magnetic flux passing through the loop varies is
the variation with time of the magnetic induction vector.
Let ns find the magnetic flux.

Since the magnetic field is homogeneous and the loop
is flat, we have

® = B-A = (z + ) a*. (25.2)
This gives the following formula for the induction emf:
181l =|— S5 [=2a, 181=4x10°V. (5.3

13¢
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As we have repeatedly done in the past, we can now sim-
plify the problem or make it more complicated, thus
formulating dozens of new similar problems. But what
does “similar” mean in this context? Here we consider
ways of constructing clusters of problems and introduce
the concept of the generalized problem of a cluster. The
word “similar” means that in all problems of a specific
type the underlying phenomenon is the same (in our case
it is electromagnetic induction), the magnetic field is
homogeneous and varies in time, and the loop is flat and
is positioned at right angles to B. To solve all such prob-
lems (the cluster) we can employ Egs. (25.2) and (25.3).

We can now formulate the generalized problem of the
first “cluster”: a flat loop encompassing an area A is placed
in a magnetic field whose induction varies according to the
law B = f (t) i, where f (t) is an arbitrary (differentiable)
function of time t, in such a manner that the plane of the loop
is at right angles to B; we wish to determine the induction
emf in the loop at an arbitrary moment in time.

The generalized problem of the first cluster can be
solved by the same equations (25.2) and (25.3) but |n
generalized form:

®=B-A=/()i-A, (25.4)

181=| - do |=roa (25.5)

Now the solution of any specific problem belonging to
this cluster can be solved directly by employing Egs. (25.4)
and (25.5). Thus, every specific problem belonging to a clus-
ter becomes elementary after we have formulated and
solved the appropriate generalized problem.

Consider, for instance, the following specific problem:
a flat loop in the form of an eguilateral triangle with a side
of length a is placed in a magnetic field whose induction
varies according to the law B = B, sin ot X i, where B,
and  are constants, at right angles to B; find the induction
emf in the loop at time ¢.

This elementary problem can easily be solved via
Eqs. (25.4) and (25.5):

® = Bysinwt X A, | &, | = ByAo cos wt,

where A = a?)/3/2 is the area subtended by the loop.
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We are now ready to formulate and solve problems be-
longing to the second cluster, which includes considering
other physical ph related to ph discussed
in problems of the first cluster. Let us consider, for
example, the various phenomena related to the induction
current in Example 25.1 (thermal, magnetic, etc.).

Suppose that we are required to determine the amount of
heat liberated in the loop during the first five seconds if the
loop resistance R is 0.5 Q.

Ignoring the inductance and capacitance of the loop
and allowing for Ohm'’s law, we find the induction current
flowing in the loop:

I=8/R=2Ba%/R. (25.6)

Since this quantity varies in time, we must apply the DI
method to find the sought amount of heat:

5
=(rra= \ L t~%[:. 25.7)
0 0

Sub‘stitntion of numerical values yields Q & 5.3 X
10-° J.

It is now easy to formulate and solve the following gen-
eral problem of the second cluster: a flat contour encompas-
sing an area A and having an ohmic resistance R is placed in
a magnetic field whose induction vector varies according to
the law B = f (t) i, with f (t) an arbitrary (differentiable)
function of time t, in such a manner that the plane of the loop
is at right angles to B; find the amount of heat liberated by
the loop during an arbitrary time interval t.

Allowing for (25.4)-(25.7), we arrive at the solution to
the generalized problem of the second cluster:

1
o= {1r e (25.8)

o

Now any specific problem of the second cluster becomes
elementary and can be solved by applying formula (25.8).

We are now ready to formulate and solve specific prob-
lems and the generalized problem of the third “cluster”
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(and the fourth, fifth, and so on) by changing still further

the conditions in which the physical phenomena of the

first cluster proceed. Suppose that in Ezample 25.1 the

magnetic field is no more homogeneous. Then Eq. (25.4)

becomes invalid and we must employ the DI method to

calculate the magnetic flux.

Example 25.2. An infinitely long, straight conductor lies

in the plane of a square loop with an ohmic resistance

R =17Q and a side length

! a =20 cm at a distance ry =

! 20cm parallel to one of the

x dx loop’s sides (Figure 25.1). The

current flowing in the conduc-

tor varies according to the law

I =af’, with o =2 Alss.

I Find the current in the loop
at time t = 10 s.

ro a Sol

©

Owing to the

change in the current flowing™

in the straight conductor, the

magnetic flux that passes

through the loop varies and

Figure 25.1 an induction current is gener-

ated in the loop. The loop,

therefore, finds itself in a nonhomogeneous magnetic

ficld. Hence, we are forced to use the DI method to
calculate the magnetic flux (sce Example 23.9).

Let us partition the area subtended by the loop into
strips so narrow that within each strip the magnetic
field can be thought of as homogeneous (see Figure 25.1).
The elementary magnetic flux passing through the narrow
strip is

_ _ meladz
d(D_Bad:r——zM .

Integrating this equation with respect to z from r, to

ro ++a, we find that

rota

"0 holadr _panin(t4-ajrg) o
m—s S = oa £

ro
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Using Faraday's law (25.1), we can find the induction emf,
= 3p.,aa.l;’(li dalr) o

and the current,
1=31_ Sewalnliieid o fxp45100 A

We could, of course, formulate and solve the generalized
problem of the third cluster. But let us consider a specific
problem belonging to the fourth.

Example 25.3. The loop of Ezample 25.2 is moving away
from the infinitely long, straight wire with a velocity v =
100 m/s in the direction perpendicular to the conductor,
A direct current I = 10 A s flowing in the conductor. Find
the induction emf generated in the loop ten minutes after
the loop started its motion if initially the loop was at a dis-
tance ry=20 ecm from the conductor-

Solution. The current in the conductor remains constant,
which means that the magnetic field generated by this
current is time independent. However, the magnetic
flux passing through the loop does not remain constant
because the position of the loop in relation to the conduc-
tor changes. Let us find the flux as a function of time ¢.
Applying the DI method, we get

o=t 10 (142), (25.9)

with £ = vt + r, the separation between conductor and
loop at time ¢. If we now employ Faraday's law, in other
words, find the time derivative of @, we have the induc-
tion emf generated in the loop:

1= pola®v

2n(a+-vt+ro) (vt +r)

Carrying out the necessary calculations (it is important
to note that vt>> r,, and vt>> a for £ > 10! s, which
means that we can ignore r, and a inside the parentheses),
we obtain

E1=8x10"13V.
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The numerical value of the induction emf is negligible
because the loop’s velocity is so high that, first, at time
t = 10 s the loop is at a distance z = 1 km from the con-
ductor and in this region the magnetic field is weak, and,
second, the variation of the magnetic flux passing through
the loop is low, too. Now let us changesomewhat the terms
of Example 25.3.

Example 25.4. Suppose that tn Ezample 25.3 only the
side of the loop farthest from the conductor rather thar the
entire loop is moving away
from the conductor with a veloc-
ity v (Figure 25.2). The length
of the mobile side is a, the resis-
. v tance of the loop is considered

T R a| |F—= known, and the resistance of
5

the leads and mobile side is
assumed to be zero. Find the

current generated in the loop

-

L at an arbitrary moment of
time ¢.

Figure 25.2 Solution. We denote the

current in the infinitely long,
straight conductor by /,, which is constant (by hy-
pothesis). The variation in the magnetic flux passing
through the loop is caused by the motion of the moving
side of the loop. Applying the DI method, we find the
magnetic flux passing through the loop:

ot
= ( Baha o peplia v
o= ( Lot gr_dothe 1y (L), @540)
which yields the following formulas for the induction emf

and current:
_ Boulia _ Boulya
L= I= SARE
We can now make the problem more complicated by
assuming, for example, that the current in the conductor
varies with time, I, = f (¢). Then, according to (25.10),

_ Moptaf () v
*= “om l“(r_.. ')
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and, hence,
_ Bomaf’ (t) v Boptaf ()
& =" ln(Tl)+ omt
_bemaf’ (&) (v Popaf (t)
I==gr iy 1)+ L

Example 25.5. Along two smooth copper buses posttioned
at an angle @ to the horizontal line there slides, owing to
the force of gravity, a copper bar of mass m (Figure 25.3).
The two upper ends of
the buses are connected by B
a capacitor of capacitan-
ce C. The distance be-
tween the buses is l. The
entire system is placed in
a homogeneous magnetic m
field, with induction B at
right angles to the plane
in which the bar moves.

Theresistance of the buses, @
bar, and sliding con-
tacts and the self-induc- Figure 25.3

tance of the loop are
assumed negligible. Find the acceleration of the bar.

Solution. As in the previous example, the variation of
the magnetic flux passing through the loop is caused by
the movement of the bar. According to Ohm's law for
a nonuniform section of a circuit, the induction emf &, at
any moment of time is equal to the potential difference
Ag across the capacitor’s plates:

& = Ag.

But Ap = Q/C. Hence, the induction current in the
loop is given by the following formula:

_40 _ 489 _ - d6;
I=3r=C"g =C&-
Since the magnetic field is h we can write

dA dz
8,=B 3 =Bl =B,
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where A is the area enclosed by the loop. Thus,
dv
I=CBI @ =CBla,

with @ the sought acceleration of the bar.
Two forces act on the bar, the force of gravity mg and
Ampere's force JIB = CB**a. By Newton’s sccond law,
ma = mg sin @ — CB*l2a.
Ience,
mg sin &
+CBA2 "
If, in addition, there is friction that acts on the bar, we
can easily show that
__ mgsina— fmgcosa
- m+CB®
where f is the coefficient of friction.
Let us now assume that there is no external magnetic
field but the current I in the loop varies with time ¢.
Then the magnetic flux generated by this current and
passing through the loop,

a

’

& = LI, (25.11)
varies and there appears a self-induction emf
o= —L 3L, 25.12)

The self-induction emf generates a self-induction current.
When an electric circuil is broken or closed there appears
a break induced current

I=1Ige-(RIDN (25.13)
or a make induced current
I=1I,(1—e-tRIN), (25.14)

respectively, with I, = &,/R the steady-state value of
the current in the circuit and &, the emf of the power
source.

Example 25.6. A solenoid with inductance L = 10 H
and resistance R = 2 X 10-% Q is connected to a source of
emf €, =2 V whose internal resistance 1s negligible.
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What amount of electricity will pass through the solenoid
during the first five seconds after closure of the circuit?

Solution. When the circuit is closed, there appears
a (variable) make induced current (25.14). To find the
amount of electricity passing through the solenoid we
employ the DI method.

Let us partition the time interval ¢ into segments dt so
small that within each the current may be considered to
be approximately constant. Then the elementary amount
of electricity dQ that passes through the solenoid during
dt is given by the following formula:

dQ=1TIdt— %(1 —- e~ (/LI gy,

Integration with respect to ¢ yields

5
o

5
o=\ % (1 — o~ @) dg = % (t +% ememn)
°

Q~181C.  (25.15)

If we had assumed, erroneously, that the current instan-
taneously reaches its steady-state value I, = &,/R (which
is, indeed, possible if L is small), we would have found
that Q = It = (§/R)t, Q =500 C, which differs
considerably from the correct answer given by (25.15).
The answer Q = 500 C would be correct if the terms of
the problem allowed us to neglect self-induction. Direct
calculation shows that at L = 10-* II we would have
Q =~ 495 C. Thus, at L = 10-* H self-induction can be
ignored in the present problem.

26. Electromagnetic Oscillations

When studying electromagnetic oscillations, the common
approach is to include in the physical system the electro-
magnetic field and the objects (which are of secondary
importance) in which this field is localized (condnctors,
indnction coils, capacitors, and the like).

The basic problem of the theory of electromagnetic
oscillations is to find the law of variation in time
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of an electric or magnetic physical quantity charac-
terizing the process.

Using the equations that link this quantity with other
quantities, we can find the values of these quantities, too.

Example 26.1. Find the magnetic induction that ezists
within an ideal LC circuit at time t = 10~* n/6 s if at
t = O the charge on the capacitor was Q, = 107 C and the
current I, was zero. The inductance of the coil is L = 10-* H,
the number of turns per unit of coil length is n = 10* m-%,
the capacitance of the capacitor is C = 10~ F, and the
contour s placed in a vacuum.

Solution. The physical system consists of the conduc-
tors forming the induction coil, the capacitor, and the
electromagnetic field varying with time. We are seeking
one of the parameters of this field (the magnetic induction)
at a certain moment in time. This constitutes a basic*
problem of the theory of electromagnetic oscillations.

Let us find the law of variation of an electric or magnet-
ic quantity. The physical process consists of free undam-
ped (or natural) eleciromagnetic oscillations occurring in
the circuit. As is known, the differential equation of
such osciliations has the form

G+ai0=0, (26.9)
whose solution is given by the equation of harmonic
oscillations

Q =Q, sin (Wt + ). (26.2)

Note that equations similar to (26.1) and (26.2) can be
written for other quantities (current, voltage, etc.). There
are three unknown parameters in Eq. (26.2): the angular
frequency w,, the amplitude Q,, and the initial phase a,.
The angular frequency can be found from the equation

w;=1/LC, (26.3)

while the amplitude Q, and the initial phase @, can be
found from the initial conditions (Q = Q, and I, =
— dQ/dt =0 at t = 0),

Q, = Q, sin a,, = — Qow, €0S .



Ch. 8. The Electromagnetic Field 205

Whence, @, = /2 and Q, = Q,. Thus, the equation of
harmonic electromagnetic oscillations in the circuit has
the form
Q=0Q,sin (V_L_C t+3). (26.4)
We have, therefore, found the law of time variation of
an electric or magnetic quantity (in our case, electric
charge Q).
We can now calculate the value of the current flowing
in the circuit at an arbitrary time ¢,
do O -
I=—=%= ——L L I~5 2
ar VLCcos(VLCt+2)' 5x 10724,
and the magnetic induction,
B=popnl = — My L
Habt? Vic toos (T %73
B~63x105T.

If we now use equations that link these quantities with

other quantities, we can find any physical quantity
the ph For the poten-

tial difference between the plates of the capacitor is

t+5),

t+5).

Acp=%.—sin(

Vit
the electric field strength in the capacitor (assuming it is
a plane-parallel capacitor with a plate area A) is

—s_Q _ U .
E= T A tA sm(l/[,_c t+ )

the electric-field energy density inside the capacitor is
_ eeeE? eQ! . 1 n
W= = g, sind ( viett z)
the magnetic-field energy density inside the coil is
~ B pelin? o,
V= g = 2LC “”(VLT:H' ).
etc. It is clear that if we abstract ourselves from the con-
crete numerical values in this example, we practically
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have a ready solution to the generalized problem on frec
undamped electromagnetic oscillations in an LC circuit.

Example 26.2. The ohmic resistance of an LC circuit is
R =10* Q, the inductance L =10-* H, and the capacitance
C = 10-* F. Find the value of the current in the circuit
at time t = 5-10~% s 1f at t = O the charge on the capacitor
was Qo = 10~ C and the current was zero.

Solution. Electromagnetic oscillations occur in the LC
circuit. To solve the basic problem of the theory of elec-
tromagnetic oscillations, we must find all the parameters
(o, 8, Q,, and a@,) of the equation of damped oscilla-
tions:

Q=Qpe% sin (0t +a). (26.5)

The damping factor 8 and the angular frequency o can
be found from the terms of the problem:

6= Z_L , o=} —=—86,

This yields 8§ = 5 X 10° rad/s and = 8.7 X 10° rad/s.

The initial phase &y and amplitude Q, can be found from

the initial conditions. Allowing for the fact that at ¢ = 0

the charge on the capacitor Q is @y, e get the first equa-
tion for finding @, and Q,:

Quit = Q, sin a;. (26.6)
The fact that at ¢ = 0 the current
I= _"_0

= — Qo[ — 803 sin (0t + o) + me“" cos (ot +ap)]  (26.7)
is zero provides the second equation:

—8sina, -+ o cosay =0. (26.8)
Solving the system of equations (26.6) and (26.8), we find
a, and Qy:

oy =tan~ (0/8), @~ n/3; Qo=2Qy/V 3.

Thus, we have the law of variation of charge Q with time
(see Eq. (26.5)) in complete form:

Q— 20u e-(R/2L)t sm( m ‘+%) .
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We are now ready to determine any physical quantity
that characterizes this specific physical phenomenon
(damped electromagnetic oscillations). The sought value of
the current can be found by solving Eq. (26.7):

T =Q, [8 sin (0t + ap) —w cos (0t + ap)] e~ o,
I~4.6x1072 A.
As with probl on free elect Lic oscillations,

when dealing with problems on steady forced oscillations
we must. first determine the law of variation of an electric

A ~ D
90 2
A :
3
o 1 C
Figure 26.1 Figure 26.2

or magnetic quantity and then, using relationships that
link different physical quantities, find the laws of vari-
ation of other sought quantities.

Often the phasor description is employed to solve
problems on forced electromagnetic oscillations. In this
approach a harmonic oscillation Ap = Ag, sin (2 | @)
is represented by a vector Ag called a phasor; the length
of the vector is equal to A, and the angle formed by the
vector with a certain horizontal axis (the axis of currents /
or the axis of voltages Ag) is equal initially to the initial
phase a (Figure 26.1). Phasor Ag rotates counterclock-
wise with an angular velocity Q. Let us examine several
examples illustrating the use of the phasor method.

Example 26.3. An electrlc circuit consists of a source of
emf varying har an ohmic resi R, a capaci-
tance C, and an inductance L, all connected in series
(Figure 25‘2). Find the law of vollage variation on section
ARCLD as a function of time t.

Solution. Let us employ the phasor method (Figure 26.3).
Suppose that the law of variation of current is given in
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the form
I =1I,sin Qt, (26.9)

where Q is the angular frequency (or rate) of variation of
the external emf. We direct the current axis horizontally.
Then the voltage variation

9oL on resistance R is depicted
by a vector Agyp directed
along the current axis, the
voltage variation on induc-

< tance L by a vector Ag,.
directed at right angles to
the current axis, and the
voltage variation on capac-
Soc itance C by a vector Ag,c
also directed at right angles

Figure 26.3 to the current axis but in

the direction opposite to

that of A@or. The length of each vector is, respectively,

Aqon=ToR, Ago,=1QL, Agec=I/9C.
The resultant voltage is depicted by the vector Ag, =
A@or -+ A@or + Agye. The sum of voltages on in-
ductance and capacitance,
Ay 1y (QL—‘—'

is known as the reactive component of the voltage. Thus, the
net voltage varies according to the law

"™ 890,

of
5
€
-

Ap = Ag, sin (Q + a), (26.10)

‘where the amplitude *
Age=1, l/"’ oL— L) (26.11)

and the initial phase
a=tan™! (32# ) (26.12)

are found from the vector triangle OAB (see Figure 26.3).

Let us analyze Eq. (26.11). Only the amplitudes of the
voltage and current, A, and I, enter into this equation
and not the instantaneous values Ap and I. Equa-
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tion (26.11) shows that I, depends on the frequency Qof the
external emf. As Q grows from zero to the value

Qs =0, = /V'LC, (26.13)
the amplitude of current, J,, increases, since the impedance
7_1/R2+ (oL—55 ) (26.14)

of the circuit drops. At a value Q = Q. the amplitude of
the current reaches its maximum value, the reactive com-
ponent of the voltage vanishes, and the circuit behaves
like a purely resistive circuit. This phenomenon is known
as the resonance of voltages. From Eq. (26.12) it follows
that in the event of a resonance of voltages the phase
difference a between current oscillations and voltage
oscillations vanishes. If Q is further increased (Q > w,),
the amplitude of the current, I, decreases, asymptotical-
ly tending to zero.

Example 26.4. A resistance R = 10 Q and an inductance
L =04 I are connected in series. What capacitance
should be inserted in series into the circuit so that the phase
shift between the emf and the current decreases by Aa. = 27°?
The driving frequency of the external emf is v = 50 llz.

Solution. Let usemploy the phasor approach. Figure 26.4
shows that

This yields «, = tan~' (QL/R), or @, ~ 72°. Hence
ay, = @, — Aa, or a, = 45°. By formula (26.12),
tan gy = BL=URC
This gives us the value of the sought capacitance (bearing
in mind that Q = 2nv):
= 1 ~1.5
C—m , C=1.5x102pF.

Example 26.5. A section of a circuit consists of a capact-
tance C = 200 pF and a resistance R = 10* Q connected in
parallel. Find the impedance of the section if the driving
frequency of the harmonic emf is v = 50 Iz
14=0498
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Solution. In the phasor method as applied to calcula-
tions of parallel circuits, the horizontal axis is the voltage
axis (Figure 20 Then the current in the ohmic resis-
tance, /g, coincides in phase with the voltage, and the

Ao~ ToL

Ioc= 490 - C

o 49, 8 ap
lor= 5~

Figure 26.4 Figure 26.5
current flowing through the capacitance leads the voltage

in phase by an angle ac = 90°. The net-current ampli-
tude I, can be found from triangle OAB:

= [X7) L
1=y (da00r+ (R) =ruramemrs-
This yields the impedance of the section:

z=—R___ zxt560
V 1+ @nvCR)
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Chapter 9
ELECTROMAGNETIC WAVES

27. Interference of Light

The basic problem in studying the interference of
light is to calculate the interference pattern.

Ins meaus finding the distiibution of intensity I of
eleciomagnetic waves in space. Since inlensity is pro-
portional to the squaie of the amiplitnde E of the electric
field strength in the clectromaguetic wave, the basic
problem of the theory of interference is reduced to finding
the amplitude E, of the resuliant oscillation at an arbi-
trary point in the medium.

Most often, when calculating an interference pattern, it
is necessary to determinc the position of an arbitrary kth
order maximum (or minimum) and the separation between
two adjacent maxima (or minima). The method of solv-
ing the majority of problems on light interference can
be reduced to two basic stages: finding the optical path
difference & and employing the mazximum condition

8 = ki, (27.1)
or the minimum condition
o= @k+1) 2. (21.2)

Example 27.1. Calculate the interference pattern pro-
duced by two coherent sources 1 and 11 (Figure 27.1) posi-
tioned d == 5 mm apart at a distance L = 6 m from the
screen. The wavelength of the light generated by the sources
tn a vacuum s by = 5 X 10 -7 m. Also find the position
of the fifth mazimum on the screen and the distance between
the adjacent mazima. The medium s a vacuum.

Solution. Before meeting al an arbitrary point F on the
screen (see Figure 27.1), at which point the result of
interference is evaluated, each of the waves travels its own
geometrical path, z, and z,. For the sake of simplicity
we will assume that the initial phases are equal to zero
and the amplitudes are equal to each other. Then we can

14
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write the equations for the waves generated by the
sources as follows:

Ey= Eg sin 2nvt— 2%) ,

E,— Eysin (vatv 2::‘ )

According to the superposition principle, the resultant

Figure 27.1

oscillation at point F,
E=E+E,
=2E,, cos [—;; (:,—xz)] sin [2nvt—%(1, — z,)] B
is harmonic oscillation with the same frequency v but
with an amplitude
Ey=2E,, cos [% (z,— :,)] (27.3)

that depends on a parameter, (/Ay) (z, — 1) = (n/Ag) 8.
Squaring (27.3), we obtain the distribution of the light
intensity on the screen:

I =4I, cos? ("—Af) =21, [1+cos (-‘,’%)] (@7.4)

Let us link the path difference § with the coordinate z of
point F on the screen. From the similarity of triangles
ABC and DFO (assuming that § = | BC | and | FO | =
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z), we find that

8/d =z/l.. (27.5)
Hence.

§=(dL)z (27.6)
Thus, the intensity distribution is given by the fol-

lowing formula:

4 { 2nd

I=2I, [1+cos( o x)] (27.7)
The graph representing the function (27.7) is depicted
in Figure27.2. Allowing for the maximum conditions (27.1)

I

410;;

/
Z

] X

Figure 27.2

and (27.5), we can find the position of the kth maximum,
2, =L8d=kLA/d, z,=3%x10m, (27.8)

and the distance between adjacent maxima:
Az = x4y — 2, = LA/d, Az =6 x 10 m. (27.9)

Two real sources of light are not coherent. Hence, the
above problem on the calculation of interference pattern
produced by two coherent sources is ideal. However, the
results and the method of solution are often employed in
calculations of real interference devices. In the majority
of such devices the beamn of light is split into two coherent
parts. After the parts of the initial beam have traveled
different optical paths. they form an interference pattern.

Example 27.2. A point-like source S of light with a wave-
length Ay = 5 X 10-7 m is placed at a distance r = 10 cm
from the line of intersection of two flat mirrors, with the
angle a between the mirrors equal to 20° (Fresnel muirrors).
Determine the number of bright lines of the interference pat-
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tern formed on a screen that 1s | = 190 cm distant from the
line of ntersection of the murrors (Figure 27.3).

D

Figure 27.3

Solution. The interference pattern is formed by the
light from two coherent sources I and II that are posi-
tioned at points A and B and are the virtual images of the
source § of light in the two flat mirrors. This ideal prob-
lem has been solved in Example 27.1. Thus, to calculate
the interference pattern we must determine the distance
| AB | = d between the sources. The distance from the
sources to the screen is L ~ ! | r. In triangle AOC the
angle AOC is equal to . Hence,d =2 [AC|=2|A40]Xx
sin @ = 2ra, since sin @ = « for small a’s. Using formu-
{a (27.9), we can find the distance between adjacent hright
ines:

PR 7Yy 7 ol
Ar=F ==

The number of bright lines can be found il we determine
the width of the interference pattern, and this is determi-
ned by the region where the waves generated by saurces |
and II overlap. Figure 27.3 shows that the width of the
interference pattern is depicted by the interval | DE | =
z=2]|0D | =2tana ~2lo. Dividing the width
z of the interference pattern by the width Az of a bright
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line, we find the number N of bright lines:

4arl .
N=7r =%0F N =~ 26.

Example 27.3. What must be the admussible width d, df
the slits in Young’s experiment so that a distinct interfer-
ence pattern is formed on a screen S positioned at a distance
L = 2 m from the slits (Figure 27.4)? The distance between
the slits isd = 5 mm, and the wavelength of the light is
A =5 x 10-7 m.

Solution. In Young’s experiment two slits—points A
and B in Figure 27.4—are the coherent sources of light
that form the interference pattern on screen S. Let us
assume that these sources are point-like. Then the inter-
ference pattern can be calculated via formulas (27.8)
and (27.9). If we shift the sources upward by a distance
d,, the interference pattern also is shifted by d,. Let
us now consider the interference pattern that is formed by
the light of four point sources positioned at points 4, A",
B, and B’. This will consist of two interference panerns
shifted in relation to each other by d,. If this distance is
smaller than the distance between the adjacent dark and
bright lines, which according to (27.9) is equal to A,L/2d,
the total interference pattern is distinct.

Now suppose that we have two nonpoint- -like coherent
sources (slits of width 44" = BB’ = d,). According Lo
what has just been said, the total interference pattern
is distinct if

dog%, that is, d,<<0.1 mm.
Example 27.4. In the device for obtaining Newton's rmgs
the space between the lens (index of refraction n, = 1 5)
and the transparent flat plate (indez of refraction ny = 1.50)
is filled with a liquid with an index of re/raclwn ny = 1 6()
(Figure 27.5). The device is illumi d with
light (A =6 X 10~ ) tncident at right angles on the
flat surface of the lens. Find the radius It of curvature of the
lens if the radius of the fourth (k = 4) bright ring n trans-
mitted light is p, = 1 mm.
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Solution. Interference occurs in the thin liquid wedge
(the index of refraction of the liquid, n,, is greater than n,
and n,). In this thin liquid film of nonuniform thickness
each ray of light splits into coherent rays. In transmitted
light the kth maximum emerges because of the interfer-
ence of ray I, which enters the plate at point A, and

Ao
”

» = =
e | _XE:L’ " /'

A Allc

q, n.
A:I° ° [
1

Figure 27.4 Figure 27.5

part II of the same ray ABC, which is reflected at points
A and B and entering the plate at point C (see Fig-
ure 27.5). Since n, > ny and n, > n,, there is no loss of
a half-wave in the course of reflection at points 4 and B.
lence, the optical path difference acquired by rays
I and I is
& = 2dn,,

where d is the thickness of the liquid film at point A.
Allowing for the fact that

d=pi/2R
and the maximum condition (27.1), we find that
5
Prng
2 8=k,

which yields the following formula for the radius of
curvature of the lens:

R=%‘E R~ 66 cm.
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Example 27.5. Light of wavelength ) = 6 < 107 m and
a degree of monochromaticity AL =5 < 10-'° m is incident
on a plane-parallel glass plate whose index of refraction is
n = 1.5. The angle of incidence is i = 45°. What is the
mazimum thickness of the plate at which the inlerference pat-
tern tn reflected light is still distinct?

Solution. As is known, in the event of interference of
monochromatic light (&) in a thin film of thickness & and
index of refraction n, the maximum condition has the
form (in reflected light)

2% Vnz_'sin2i=(k++)x. (27.10)
If the light is nonmonochromatic, the angular width
of the Ath interference maximum A: is found from

Eq. (27.10) by differentiating the left- and right-hand
sides of Lhis equation aL k = const:

A on Y TS A= (k+ +) an,
whence
(rt)n

Ai= .
(2 ) n*—sin%)

4
ar

The angular separation 8¢ of adjacent maxima for mo-
nochromatic light can also be found from Eq. (27.10)
by differentiating the left- and right-hand side of this
equation at A = const:

L (2 Y =SinED) i = ASk,
whence, at 8k = 1 (adjacent maxima),

R SN
4 (on =)
@

An interference pattern is distinct if | Ai | < | 8i |, or
(r+5) <2 (271.44)
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Substituting the expression for & + 1/2 that follows from
Eq. (27.10) into (27.11), we find the maximum thickness
of the film, hp,.,, at which an interference pattern can
still be observed:
Az
Ty Vai—simti'

The degree of monochromaticity of laser light may be
as high as AL = 4 x 1072 m. Hence, to observe inter-
ference patterns in laser
light we can take a plate
of enormous thickness:
hmax = 3.3 cm. The deg-
ree of monochromaticity
of white (visible) light is
AL~ 3.6 X 10-7m and,
hence, in this case hmy =
3.7 X 1077 m, that s,
to observe interference pat-
terns in white light we must
take an extremely thin film,
with a thickness of about
a few tenths of a microme-
ter. A film of such thick-
ness can be obtained in liquid or solid form.

How can we calculate the interference pattern produced
by light from many coherent sources of light rather than
two? A common approach is to employ the vector dia-
gram method. Let us take the simple case of equal ampli-
tudes. We also assume that the phase difierence of any
two adjacent sources differs by the same value, Ap =
const.

Figure 27 6 depicts a vector diagram corresponding to
the addition of N =6 oscillations with the same ampli-
tudes.

|AB| = |BC| = |CD| = |DE| = |EF| = |FG| = E,,.

The amplitude of the resultant oscillation is depicted by
segment AG = E,. Let us find this quantity. Obviously,
points 4, B, C, D, E, F, and G lie on the circumference of
a circle of radius R =04 | =|0B|=.... LelL us

Ppax =~ 0.27 mm.

Figure 27.6
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drop perpendiculars OK and OL from the center of the
circle, O, onto segments AB and BC. Then xKOL =
Ag and, hence, XKOB = Ag/2. From triangle KOB,
the radius of the circle is given by the following formula:

\KB| __ E

R = e Zom (o) * @12)

Since | AH | = | HG | (OH 1 AG by construction), the
resultant amplitude is

E,=|AG| =2|AH| (27.13)

Angle AOH is equal to (1/2) (2n — NAg) = n—(1/2)NAg,
and from triangle AOH we find that
pan (s NAR\ o . NAQ
|AH| = Rsin (:t - )—Rsln (’T) .
Substituting this value of | AH | into Eq. (27.13) and
allowing for (27.12), we get
_ sin (NAg/2)

Eo=Ey sin (Ag/2) *

The energy of the oscillations (and the intensity 1) is
proportional to the square of the amplitude. Consequent-
ly, the intensity of the resultant oscillations is

_ 7. sin*(NAg/2)
I=1, ek (27.14)
where [, is the intensity of the light from one source.

For a small phase difference (Ap —0), Eq. (27.14)
assumes the form

[ =TIy N2
Thus, the intensity of the principal mazimum n the inter-

ference pattern produced by the lLight from N sources is
proportional lo the square of the number of sources.

%._Diﬂraction of Light

The basic problem in studying diffraction 1s to
calculate the diffraction pattern, that is, find the
distribution of light inlensity 1.
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A more restricted problem is to find the position of the
maxima and minima in the diffraction spectrum. Often
the Fresnel zone method and the DI method (see Section 6)
are employed in calculating diffraction patterns.

Example 28.1. A plane monochromatic wave with a wave-
length M is incident at right angles on an infinitely long
rectangular slit of width a (Figure 28.1). Find the distribu-
tion of the light intensity I in the diffraction pattern on

EERERR

Figure 28.1

a screen S. Solve the same problem for a system of N parallel
slits separated by opaque sections of width b (a diffraction
grating).

Solution. Employing the Fresnel zone method, we can
easily find the minimumn condition for diffraction on
a single slit,

asing = ki, (28.1)
and the maximum condition,
asing = (2+ 1) (28.2)

This, however, does not provide us with the sought dis-
tribution of the light intensity / in the diffraction pat-
tern. Let us employ the DI method. The zone of width dz
(see Figure 28.1) that is z distant from the edge C of the
slit sends a wave in the direction specified by an angle ¢,
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with the equation of this wave being
dE=dE,cos(wt—2—:zsin q)) . (28.3)

where
dE. —=c'a, ¢ —= const. (28.4)

In Eq. (28.3) we have allowed for the fact that for
waves propagating in the direction CD the distances are
reckoned on this straight line. Ifence, | CD | = z sin ¢,
and the phase of the wave emitted by zone dz is ot —
(2n/1) z sin ¢.

Integrating Eq. (28.4) over the entire slit for point O,
we obtain the value of the arbitrary constant:

a
.
Ey=\ clz=c

o

Substituting the value of dE, from (28.4) into Eq. (28.3),
we find thal

dE ==

’;‘ cos (mt — ZT" xsin w) dr. (28.5)

Integrating Eq. (28.5) over the entire slit, we get

a
E= \ %cos (ull—z—:xsinqa) dz
0
_ sin [(71/A) a sin ¢] .
_[E',W]cos(mt —-Tasmq)).

Hence, the amplitude of oscillations at point 4 is

_ g Sin |(7/A) asin g}
Ea=E pyasmy - (28.6)

Since light intensily is proportional to the square of
the amplitude, Eq. (28.6) yields the expression for the
distribution of light inlensily on a screen in the event of
diffraction on a single slit:

sin? |(1/A) a sin ¢]

lo,=1o [@/Nasmelr *

(28.7)
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The reader can easily see that the minimum condition
(28.1) follows from Egs. (28.6) and (28.7).

A diffraction grating consists of N parallel slits, each of
width a, separated by opaque segments, each of width b
(Figure 28.2). The sum a - b is known as the grating space.

To calculate a diffraction pattern oblained via a difrac-
tion grating, let us employ the Fresnel zone method. We

TR

Figure 28.2

divide the wavefront of a plane monochromatic wave that
is incident vertically on a difiraction grating (see Fig-
ure 28.2) in each slit into Fresnel zones by parallel planes,
just as in the case of diffraction on a single slit. The
distance between adjacent planes is A/2. If into each slit
there fils an even number of zones, then in the given
direction (point A) a diffraction minimum forms. But
if into each slit there fits an odd number of zones, each
slit contains a nonextinguished zone. Suppose that these
zones are positioned at the left edges of the slits (points B,
C, D, etc.). The path difference between adjacent sources

(nonex‘ ished zones) is
8=|BE|=|CF|=...=(a+b)sing. (28.8)
To this path diff & there corresponds a constant
phase difference
218 2; b) si
do=37 =&A)’ﬂ . (28.9)
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Hence, the problem of calculating a diffraction pattern
produced by a diffraction grating has been reduced to
a problem of calculaling the interference pattern pro-
duced by the light from many colierent sources wilh a con-
stant phase difference (28.9). This has been solved in
Section 27 by the vector diagram method. Allowing for
(27.14) and (28.9), we oblain the distribution for the
light intensity in a diffraction spectrum produced by
a diffraction grating:

sin? [ Na(a -I;.b) s @ ]

Ton =1, M—"MW . (2840

where I, is the intensity generated by a single slit (see
formula (28.7

Equation (28 10) provides the principal maximum con-
dition:

(a + b) sin ¢ = kA. (28.11)

EnmpleZB 2. A plane h tic wave of ! h
Ao —o X 10-7 m is incident on a slit of width 2=
10-* mm at right angles to the shit plane. Find the angu-
lar position of the first mazimum n the diffraction pattern.
The medium is a vacuum.

Solution. The angular position of the first maximum can
be found from the maximum condition (28.2). Hence,

@=sin! (%) P 418, (28.12)

The angular position may be determined more precisely
with the help of formula (28.7). Let us determine the
extremum of the function Iy, = I, (9) by finding the
first derivative with respect to ¢ aml nullifying it:

0 dl‘ﬁ 2!,,Taeosq>sin (Tasin ty)
=_W— (% asinfp)’

X {cos (%asin&p)—;asimp—sin(—:—a sintp)}.
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This yields the following transcendental equation for
finding the extremum values of ¢:
tan (% asinqa) =% asing,

which after introduction of the notation

m = (a})sin ¢ (28.13)
assumes the form
lan um = qum. (28.14)

The rools of this transcendental equation are the fol-
lowing numbers:

my = 1.43, my, = 2.46, m, = 3.47, . ... (28.15)
Combining (28.15) with Eq. (28.13), we can find the angu-
lar position of the first diffraction maximum:

1.43% ). e~ (28.16)

@ =sin™! ( o

From (28.16) and (28.12) it follows that the nore exact
solution (28.16) differs considerably from the approximate
solution (28.12). The error in the approximate solution
can easily be calculated:

_ _be 0/ _ 127X 100% _ o,
e 100%, &= =—55—= =~ 5%.

1t should be noted that formula (28.7) allows us not on-
ly to find the exact angular position of the maxima in
the diffraction pattern produced by a single slit but also
to determine the intensity of these maxima.

Example 28.3. Find the mazimum order of a diffraction
spectrum produced by a diffraction grating with a grating
space a |- b = 0.005 mm on which a plane monochromatic
wave with wavelength .y = 6 X 10°7 m is incident in
a vacuum at right angles to the grating plane.

Solution. The maximum order of the diffraction spect-
rum can be found from the maximum condition (28.11).
Since the absolute value of sin ¢ cannot exceed unity,
we have

@+ b= kyg, o
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Hence,
knax=(a+b)/ky, kpex =8

This equation is inexact, however. It was obtained on
the assumption that in (28.10) the light intensity /o,
created by a single slit is constant and independent of
angle ¢. But Eq. (28.7) shows that I, depends on angle
¢ and can assume zero values for certain values of .
The solution found determines only the maximum possible
order of the spectrum. However, not all the principal
maxima defined in (28.11) realize themselves: those whose
position coincides with a minimum in the diffraction pat-
tern from a single slit, (28.1), disappear; the only prin-
cipal maxima that materialize are those that fall onto the
central maximum of the diffraction pattern from a single
slit. Hence, the maximum order of the realized principal
maxima is del ined by the bination of (28.1)
with (28.11).

If in Eq. (28.1) we put k¥ = 1, we find the angular half-
width of the central maximum of the diffraction pattern
from a single slit:

asin Qgp = A. (28.17)
Using Eq. (28.11), we can find the maximum order of the
realized principal maxima:

3 (@ + b) sin @mjn = Kmazh-

Allowing for condition (28.17), we get

Kz = (a-+ b)/a.
For the final solution of the problem we need to specify
the width of a slit, a. For ¢, = 10° mm and a, = b =

2.5 X 10> mm we obtain, via the last relationship,
the following results:

kmax =5,  Kmax = 2.

Note that in the last solution we have neglected the re-
alized principal maxima that fall onto the region of the
maxima that follow the central maximum of the diffrac-
tion pattern from a single slit. It can be demonstrated
that the intensity of these subsequent maxima is low.
150498
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Example 28.4. The intensity of the central mazimum in
the diffraction pattern from a single slit is I,. Find the
ratios of the intensities of the three subsequent mazima to the
intensity of the central mazimum, I,.

Solution. From the maximum condition (28.13) for
diffraction on a single slit,

(a/r) sing = m,

with m = 1.43, 2.46, 3.47 . . . (see (28.15)), and formu-
la (28.7) we find the sought ratios:

o, ) [sm (nm,)'lz L)
1,

sin (nm,) ®; \* __[ sin (ums) )2
=[ nm,‘] ' (T:) _[ nm,l] .

Substitution of numerical values yields
(To,1Mo) = 0.047, (Io,/15)"=0.017, (Iq,/Io)" = 0.008.

THERMODYNAMICS AND KINETIC THEORY

Chapter 10
THERMODYNAMICS

29. The First Law of Thermodynamics

Experience shows that all macro-objects consist of micro-
objects such as molecules, ions, atoms. Micro-objects are
in a state of chaotic (thermal) motion. Since molecules,
atoms and the like are extremely small, a medium-sized
macro-object contains an enormous number of micro-
objects. For example, in one cubic centimeter of ideal
gas in standard conditions there are 2.7 X 10'® molecules.
Hence, the physical systems that must be considered when
solving problems of this section consist of a large num-
ber of objects. It can easily be shown that a dynamical
(mechamshc) description of such systems is not only
practically i ible but even Therefore,
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there are two methods of studying physical systems in
molecular physics, methods mutually complementary,
namely, the thermodynamic and the statistical. The
statistical method is considered in Chapter 11.

The basis of the thermodynamic method is several fun-
damental laws derived from experience. First, the equa-

tion of state
flp, vV, T)=0, (29.1)

with p the pressure, V the volume, and T the thermody-
namic temperature of the system. In this and the follow-
ing chapter we consider only one physical system, the
ideal, or perfect, gas. For an ideal gas the equation of
state (29.1) is transformed into the ideal gas law
pV=-f RT, (29.2)

‘where m is the mass of the gas, M its molecular mass, and
R = 8.3144 J-mol-! K-! the molar gas constant.

Equations of state (29.1) and (29.2) remain valid only
for physical systems in a state of thermodynamic equilibri-
um. In such a state a physical system is characterized
at each point of volume V by well-specified values of p
and T that are the same for all points. Hence, a thermo-
dynamically stable state of a physical system consisting
of a large number of molecules is characterized by asmall
number of parameters (pressure p, volume V, tempera-
ture T, and a few other). These are known as macro-para-
meters, and thé state of such a system is a macro-state.
The concept of a thermodynamically stable (or equili-
brium) state of a system is an idealized one. In any real
case, the pressure p or temperature T at a point in vol-
ume V occupied by the system varies, but these variations
(for an equilibrium state) must be so small that they can
be ignored.

Another basic component of the thermodynamic method
is the first and second laws of thermodynamics. By the
first law of thermodynamics,

86Q =dU + 84, (29.3)
where
8Q=4-CdT (29.4)
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is the elementary amount of heat received by the system,
C the molar heat capacity of the system, d U the variation
of the internal energy of the physical system, and

W =pdV (29.5)

is the elementary work done by the system. For an ideal
gas,
U= T dT, (29.6)

where ¢ is the number of degrees of freedom of the mo-
lecules of the ideal gas. .

The first law of thermodynamics in the form (29.3) is
valid for elementary quasi-static processes. As a result of
a quasi-static process thesystem passes through a sequence
of equilibrium states. Since an equilibrium state can be
depicted by a point in a certain system of coordmates
(usually the p-V, or
a quasi-static process is dep:cted in the same system of
coordinates by a curve. Such diagramatic representation of
various processes is very often used in solving problems
by the thermodynamic method.

The following processes are assumed to be quasi-static:
the isochoric (V = const, m = const), the isobaric (p =
const, m = const), and the isothermal (T = const,
m = const). Other processes, say, the adiabatic (8Q = 0),
can also be quasi-static if they proceed so slowly that
the system passes through a sequence of equilibrium
states.

The amount of heat §Q and the work § W are characteris-
tics of heat transfer and the capacity for work. These two
processes are distinct: the first occurs on the micro-
level as a result of the interaction of micro-objects (mole-
cules, atoms, and the like), while the second occurs on the
macro-level as a result of the interaction of macro-objects.
Heat transfer is said to be elementary if the temperature
variation d7 is so small that the molar heat capacity C
may be assumed constant. Then the amount of heat can
be calculated by formula (29.4). A common way to
calculate the amount of heat in the case of a nonelementa-
ry process of heat transfer is to employ the DI method
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(see Section 6):

Ts
0=\ gcar. (29.7)
Ts
To evaluate this integral we must know the dependence
of C on other parameters.
If C is constant (C = const), the process is said to be
polytropic, with )

0=4-C(T,-T) 29.8)

for such processes.
The process of performing work is said to be elementary
if the variation of volume,
dV, is so small that the P 2
pressure p can be assumed
to be constant. Of course,
the pressure changes in an
elementary process, but 1
this variation dp must be
so small that it can be
ignored and the pressurecan 0 v, V2 ¥
be considered approximate-
ly constant. Then work Figure 29.1
can be calculated by for-
mula (29.5). For a nonelementary process work is calcu-
lated by employing the DI method:
Vs
W= S pdv. (29.9)
Vi
In the p-V system of coordinates, work is numerical-
ly equal to the magnitude of the hatched area in Fig-
ure 29.1 (curve I-2 depicts the corresponding process).
Thus, an elementary process for which the equation
expressing the first law of thermodynamics in the form
(29.3) must satisfy the two conditions formulated above.
For a nonelementary process the first law of thermo-
dynamics is written in the form
Ts Vs
S%car=w+ {pav, (29.10)
Vi

Ty
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or, if we allow for (29.7) and (29.9),
Q=AU+ W, (29.11)

where AU = U, — U, is the variation of the internal
energy in the process (this variation does not depend on
the type of process but only on the initial and final states
of the physical system).
The basic problem of the thermodynamics of equi-
librium processes is to find all the macro-states
of a physical system.

If the initial and final states of a system are known, we
can find the variation of the system’s internal energy. If,
in addition, we know
the intermediate states
(i.e. the process), we can
find the work performed
by the system, calculate
the amount of heat re-
ceived or liberated, and so
on.
Example 29.1. An
V amount of hydrogen con-
. tained in one cubic metre
Figure 29.2 under standard conditions
is first isochorically trans-
ferred to a state with a pressure that is n times higher
than the initial pressure and then isobarically transferred
to a state with a volume that is k times greater than the initial
volume. Determine the variation of the internal energy of
the gas, the work done by the gas, and the amount of heat
received in the process.

Solution. The physical system consists of a certain
mass m (which can easily be calculated) of an ideal gas
whose molecular mass M is known. The initial macro-
state of the system (point I in Figure 29.2) is known (the
standard pressure p, &~ 10° Pa, the standard temperature
T, = 273 K, and the volume V = 1 m® specified in the
terms of the problem). The states and processes in which
the system takes part are depicted on a p-V diagram
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(see Figure 29.2). Let us find the parameters of the
second (point 2) and third (point 3) macro-states of the
system. For this we use the ideal gas law (29.2) and the
definitions of isoprocesses:

Mp,V. MnpyV,
pe=npy, Vo=V, T,=ler=2T0le (2942
MpsVs _ MukpV,
mR ~—  mR

Ps=Po=npy, Va=kV,, Ty= . (29.13)

Since the processes in which the system participates are
quasi-static and polytropic, the sought quantities can be
found by using the formulas found earlier. The variation
in internal energy is

R R ( Mnkp,V Mp,V,
AU =4 ‘T(;('s Ty = ot (Hthle Moolo. )
=5 PoVo (rk—1). (29.14)
In an isochoric process dV = 0 and no work is done.
The work done in the isobaric process is
W = py (Vs — Va) = npo (kVo — Vo) = poVon (k — 1).
(29.15)
The amount of heat

Q=0+ Q=4 Cy (T —To) + 37 Co(Ts—T2)

=22 (i (nk — 1) + 20 (k— 1)), (29.16)
where we have allowed for Mayer's formula
Cp=Cy+R (29.17)

The amount of heat can be calculated by using the
formula (29.11), which expresses the first law of thermo-
dynamics:

Q=AU+ W =L pV, (nk—1) + pVon (k—1)

=D i (nk — 1) + 20 (k - )]

this coincides with the earlier result (29.16). To carry out
a numerical calculation we must select reasonable values
for n and k. Equations (29.13) show that the value of r
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determines the maximum value of pressure, ps = npo,
while the product nk determines the maximum temperatu-
re, Ty = nkT,. The value of n cannot exceed np,x = 1
since at pressures equal to (or greater than) 100 p, the gas
ceases to be ideal. The product nk cannot exceed the value

max» = 10 since at temperature T3 ~ 107, =~ 3 X
10* K (and higher) the walls of the vessel containing
the hydrogen could melt (they must be cooled) and molec-
ular hydrogen transforms into atomic hydrogen; at still
higher temperatures the atomic hydrogen transforms into
hydrogen plasma. If we put » =5 and k = 2, we find
that Eqs. (29.14), (29. 15) and (29.16) yield

AU=22X%x10°], W=5x10"], Q= 2.7 x 10%.

It is advisable to study the following problem: what
must be the relationship between n and k (at nk = const)
if we want the ratio W/Q to be maximal? But we will
leave this problem for the reader to solve. Instead we pose
the following problem: how do the sought quantities
change if the system proceeds from the initial state to
the final state quasi-statically along the dashed straight
line in Figure 29.2? The answer can easily be found if we
study formula (29.11) for the first law of thermodynamics.
The variation of internal energy AU, does not depend
on the type of process but on the initial and final states
of the system. Hence, the variation in internal energy
does not change: AU ~ 2.2 x 10° J. The amount of
work done by the system will decrease (the area of the
trapezoid ABDE is smaller than the area of the rectangle
ACDE). Hence, according to the first law of thermody-
namics (29.11), the system will receive less heat.

Example 29.2. Two moles of nitrogen, N, are under stan-
dard conditions. They are then transformed isothermically
into a certain state and then quasi-statically and adiabatical-
ly into a finite state with a volume that is four times the
initial one. Find the work performed by the gas if Q =
11 300 J of heat was transmitted to the gasin the isother-
mal process.

Solution. Let us determine the intermediate and final
macro-states of the system. The ideal gas law results in
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an indeterminate system of equations. Let us employ the
first law of thermodynamics in the form (29.11). For the
isothermal process,
e v
Q=W,_SpdV ‘\—RT,, =2 RT,In 32,
Ve Vo
where W, is the work done by the gas in the isothermal
process. This enables us to find the volume that the gas
must occupy in the intermediate state:

V,=V,eQM/mRT,
Next, using the equation governing an adiabatic process,
TVE ' =Ty (4o,

with y = C,/Cy the molar heat capacity ratio (commonly
known as tfne specific heat ratio), we can find the final
temperature:

€QM(y-1)/mRT

T3=T, a)
Formula (29.6) yields the following expression for the
internal-energy variation:

AU=5 8 (1y— T =5 P

QM(y-1)/mRT ]
52| —— 1.

Rl
This gives the following result: W = 4500 J. Note that
after finding the parameters of the macro-states we could
have calculated the sought amount of work directly by
employing formula (29.5).

Example 29.3. For an ideal gas find the equation of
a process in which the heat capacity of the gas varies with
temperature according to the law C=a/T, with a=
const.

Solution. The process is not polytropic. Hence, we can
apply the first law of thermodynamics in the form (29.3)
for one mole of the gas:

+dT=CydT+pdv.
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Using the ideal gas law (29.2), we can rewrite this
equation:

Lar=c.ar+RT L
Dividing the left- and right-hand sides by RT and inte-
grating, we get

a
= 7_1 In T+ 1InV 4 const.

This gives us the sought equation of the process:

VTV -Dea/RT — const.

30. The Second Law of Thermodynamics

As a result of some process a system may return to its
initial state. Such a process is known as cyclic. Using the
first law of thermodynamics, we can prove that the ther-
mal efficiency of an arbitrary cycle is
1=(Q:—Q)/Qy, (30.1)
where Q, is the amount of heat received by the system
from the heater, and Q, the heat rejected by the system
to the cooler. For the Carnot cycle (two isotherms and
two adiabatic curves) we have
n=(Ty\—=T)/T,, (30.2)
where T is the temperature of the heater, and T, the tem-
perature of the cooler.
The ratio 8Q T is known as the reduced heat of an ele-
mentary process. According to Clausius’ theorem,
the sum of reduced heats for an arbitrary cycle is
a negative quantity, and for a reversible cycle it
is zero:
é £ <o. (30.3)

Consequently, it follows that

2
the sum of reduced heats, g T-18Q, for any reversible

1
process does not depend on the type of process but is
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determined solely by the initial () and final (2)
states of the system.

Next we introduce the notion of entropy S of a system
as a state function whose variation depends only on the
initial and final states of the system in the following
manner:

2

&

S,— 8= S TQ s (30.4)
T

where integration is carried out over any reversible pro-

cess as a result of which the system goes from state I to

state

Example 30.1. The cycle depicted in Figure 30.1 consists
of two isotherms (Ty = 600 K and T, = 300 K) and two
isobars (p, = 4p,). Determine the thermal efficiency of the
cycle if the working substance
is an ideal gas whose mole-
iules Igave five degrees of freedom
i = 5).

Solution. The physical sys-
tem consists of one mole of
an ideal gas. A cyclic process
consisting of two *isotherms

o

and two isobars (see Figure Vi vy v v
30.1) occurs in the system.
To find the efficiency of the Figure 30.1

cycle using formula (30.1), we
must determine Q, and Q,. The system receives an
amount of heat Q, in the isobaric transition from state 7
with parameters p,, Vy, T, to state 2 with parameters p,,
V;, T, and in the isothermal expansion from state 2 to
state 3 with parameters p,, V,, T;:

Qi=Cp (Ty—Tp)+ RTIn (Vo/V)). (30.5)

The system rejects an amount of heat Q, in the isobaric

transition from state 3 to state 4 with parameters p,, V;,
T, and in the isothermal compression from state 4 to
state It

Q:=Cp (T, = T3+ RT,In (V,/V)). (30-6)
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From Boyle's law for the isotherms T, and T,,
pYVi=pV, and pV,=pV;,
it follows that

Substituting these volume ratios into (30.5) and (30.6)
and allowing for (30.1), we obtain
n= R(T1—T2)In (p1/py)
Cp (Ty—Ta)+RTy In(pr/pa) ~
Using the well-known relationship C, = (1/2) (i + 2) R,
with i the number of degrees of freedom, we finally get
e ThTy
- G2 (T=Ty) *
T 5T (i)
Calculation yields n ~ 22.5%.
The thermal efficiency of a Carnot cycle with the same
temperatures T; of the heater and T, of the cooler is

n=(Ty=T)IT,, 1= 50%.

1f the degree of compression is increased (say by putting
P1/py = 20) and the number of degrees of freedom of the
gas molecules is decreased

P (say, to i =3), the thermal
efficiency of a cycle consis-

T ting of two isotherms and

two isobars can be increased

3= 2 by up to n =~ 35%. But in

3 ! all cases it remains lower

ys—_;':;—’y than the efficiency of the
respective Carnot cycle.
Figure 30.2 Example 30.2. A cycle
consists of an isotherm (T, =
600 K), an isobar, and an isochor (Figure 30.2). The
volume ratio V,/V, is equal to two. The working substance
is an ideal gas with i = 5. Determine the efficiency of the
cycle as a function of the mazimum (T,) and mintmum
temperatures of the working substance.
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Solution. Let us find the minimum temperature. In the
isobaric process the gas cools off and in the isochoric pro-
cess it heats up. Hence, the minimum temperature is the
one which the substance has in state 3, or T5. From the
ideal gas laws for states 2 and 3,

pVe = RT, and pVs = RT,,
we can find the minimum temperature:
Ts=T\Vy/V,=0.5T,, T;=300K.

Since all the processes in the cycle are polytropic, we
can use the first law of thermodynamics for the isothermal
process and formula (29.8) for the isobaric and isochoric
processes to find the amount of heat absorbed by the

working substance (or rejected by it) in these processes.
For the isothermal process,

Quz=RT,In (V,/V)).
Since Vy = Vy and V,/Vy = T,/T,, we have
Qu=RT, In(TYT,).
For the isobaric process,
Qu=C, (T, =Ty = FER(T,— T,
Finally, for the isochoric process,
Qu=Cy (T, =Ty =F (T, =Ty.

Combining these results according to formula (30.1), we
find the efficiency of the cycle:

n= Q1 +001—0un __4_ (1/2) (i+2) (T, —Ty)
12+ Qa1 Ty 1n (Ty/Ts)+(1/2) (T, —Ty) *
n = 10%.

Example 30.3. Find the variation of the entropy on one
mole of an ideal gas in the isobaric, isochoric, and isother-
mal processes.

Solution. The physical system, one mole of an ideal gas,
participates in three isoprocesses. The processes are
quasi-static and reversible. Hence, the entropy variation
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can be found directly by employing formula (30.4). For
the isobaric process,

Tz Ty
CpdT T, V.
As,=TS (i —cmfr=c,myr. @O
1 Ty ‘

For the isochoric process,

T2 Te

‘ a7

Asv=TS ;‘TQ_=> Radispl ln%—=0v In2e
) 4

(30.8)
Finally, for the isothermal process,

s =] m] 22

Vs

RT AV V.

=§ WE=RIn g1, (30.9)
A

Let us now apply the above results to the cycle of
Example 30.2. The cycle consists of an isobar, isochore,
and isotherm. All the processes are reversible, and so is
the cycle. According to Clausius’ law (30.3), the variation
in entropy in a reversible cycle is zero:

AS, + ASy + ASp = 0.

Hence, allowing for (30.7)- (30 9) and the notation used
in Example 30.2, we find

C,,ln—+Cvln +Rln

Since V, = V, and V,/Vy = T,/Ta (see Example 30.2),
we have
—c, ln;—:+0v ln;—:+}?;—:=0.
which leads to the well-known Mayer relation (29.17):
C,=Cy +R.

We depict the entropy variation in the cycle using the
S-ln T coordinates (Figure 30.3). On the segment 1-2 of
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isothermal expansion (In T = const) the entropy in-
creased by ASy = 0.7R; on the segment 2-3 of isobaric
cooling the entropy decreased by AS, = 3.5 x 0.7R;
finally, on the segment 3-1 of isochoric heating the entro-
py increased by ASy = 2.5 x 0.7R. The total entropy
variation in the cycle is zero: AS, + ASy + ASy = 0.
The increase in entropy on segments 3-I and I-2 seems
natural (this agrees with the general law of entropy
increase), but at first glance it seems that the entropy on
segment 2-3 should increase too (according to the same

8 ?.IS,'O?E
s 2
bt T! § PY / PzVo"z
4 \ 7 \

. NINMHIIT

Figure 30.3 Figure 30.4

law). However, there is no contradiction here. The law is
valid only for an adiabatically isolated system, and the
system considered in Example 30.2 is not adiabatically
isolated: during isothermal expansion I-2 and isochoric
heating 3-1 it receives heat, while during isobaric cooling
2-3 it rejects heat to external objects.

Example 30.4. An adiabatically isolated vessel is divided
into two equal parts by a rigid partition that does not conduct
heat (Figure 30.4). Each half of the vessel is filled with one
mole of the same ideal triatomic gas: at T, = 600 K in the
left half and at T, = 300 K in theright. Then the partition
is removed from the vessel. Determine the entropy variation
in the gas after an equilibrium state sets in.

Soli Let us three physical systems. Sys-
tem I consists of one mole of the gas in the left half of

+d.
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the vessel at a temperature Ty. Prior to removal of the
partition the gas in the left half is adiabatically isolated
and in an equilibrium state. System II consists of one
mole of the same gas in the right half of the vessel at
a temperature Ty << T,. Prior to removal of the parti-
tion the gas in the right half is also adiabatically isolated
and in an equilibrium state. System III (the final one)
appears because the partition between systems I and II
has been removed. Prior to removal and after removal
in systems I and II and in system III, respectively, there
occur quasi-static and irreversible processes as a result
of which equilibrium states set in in all three.

Since the processes are irreversible, we cannot use for-
mula (30.4) to find the entropy variation in system III
directly. What is needed are processes that will take
systems I and II from the initial state to the final state
reversibly. For this the initial adiabatic isolation of
systems I and I must be violated. Suppose that instead
of the partition that cannot conduct heat we take a par-
tition that is massless and conducts heat ideally. Then
systems I and II are in thermal contact, that is, they
are no more adiabatically isolated. In each there occurs
a (reversible) isochoric process: isochoric cooling in the
left half of the vessel and isochoric heating in the right
half to a common temperature 8. The final equilibrium
temperature can easily be found:

8 = (T, + Ta)/2.

The next step is to remove the modified partition. Since
both subsystems, I and I, are in a state of thermodynamic
equilibrium at a temperature 8, the overall system III
is also in a state of thermodynamic equilibrium. Note
that while the isochoric processes occurring in systems
I and II can be considered reversible, the process of heat
transfer in system III cannot be thought of as reversible.
Let us denote the entropy variations in systems I and II
by AS, and AS,, respectively. Then the variation of entro-
py in system III is

AS = AS; + AS,.
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According to (30.8), for system I we have
[}

A=\ & —c, 1n%=cv Wy (1+42),

Ty
and for system Il we have

0
C CydT 0 _ 1 T,
AS,=i\ T =Cy l'lf_,-c" 1"?(""1_,)‘

g
It is easy lo see that AS, is negatlive and AS, positive,
that is, the entropy of system I decreases and that of sys-
tem I increases (the reader will recall that these sys-
tems ceased to be adiabatically isolated after a heat-
conducting partition was inserted instead of the initial
one; hence, the entropy of cach can increase or decrease).
The overall system III remains adiabatically isolated
and its entropy must increase as a result of an irrevers-
ible process. Indeed, | AS; | < | AS, | and

AS=AS,+AS,

_cvlln—(1+ )+1n—(1+ )]>o.

Since Cy = iR/2, we have AS~31). mol"K“. Thus,
if the amount of heat Q, rejected by system I is equal to the
amount of heat Q, received by system II (| Q, | = | Q; |),
the absolute value of the entropy variation AS; in sys-
tem [ is not equal to the absolute value of the entropy
variation AS, in system II in the same heat transfer
process (| AS; | # | AS, |).

Chapter 11
KINETIC THEORY
31. The Maxwell-Bolt: b

In the statistical method, in contrast to the thermodynam-
ic, an essential assumption concerns the “granular”
structure of macro-nb]ects ThlS method employs the
following pre ion: borated by ex-
periments):

16-0498
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all macro-objects consist of micro-objects, which
participate in chaotic motion and interact with
each other.

In classical statistical physics it is assumed that
no two similar macro-objects are identical.

The behavior of a single micro-object (a particle) is
studied in the six-dimensional phase space (p-space) of
three position coordinates (z, y, z) and three projections
of momentum (px, p,, p.) or three projections of velocity
(vxy vy, V7). The state of a single micro-object is spec-
ified ﬁy a point in this space. If the micro-object moves
chaolically, its occurrence inside a volume element
dt = dzdy dz dp. dp, dp, in this space constitutes a ran-
dom event whose probability is

dw = f (, ¥, 2, Pz Py P2) AT, 611

with f the distribution function (the probability density).
The function | satisfies the normalization condition

S fdr=1. (31.2)

In (31.2) integration is carried out over the entire phase
space. Using the concept of a distribution f, we can define
the mean value of a function ¢ (z, ¥, 2, Pz, p,, p.) thuss

@={ fod. (31.3)

The Mazwell-Boltzmann distribution of molecules in
the p-space hasthe form

dw(z, y, z, Px, Py P2)

[mtepter o
—e [T“}( v ')J/" dzdydzdp,dp,dp,, (31.4)
where U (z, y, z) is the potential energy of a molecule,
and m the molecule’s mass.

The Maxwell-Boltzmann distribution can be thought
of as two independent distributions in a three-dimension-
al momentum space (the Mazwell distribution),

A (per pyv p) =A™ PEAIIENT 4p 4pdp,,  (315)
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and in a three-dimensional coordinate space (the Boltz-
mann distribution),
dw(z, y, z)=Be-U=v. 9/2xT gz dydz, (31.6)

where 4 and B are constants that can be found from the
normalization condition (31.2). Allowing for the nor-
malization condition (31.2), we arrive at the Maxwell
distribution in the following form:
dw(pys Pys )

= (2amkl)¥ ¢ dp.dp,dp,, (31.7)
which makes it possible to find the distribution in velocity
components (vx, vy, V.),
dw (vy, vy, v;)

=~ 1o | pIZmAT

m(v2+03 +93)

!2 -
= ()" BT do, dv, dv,, (31.8)

the distribution in spaed ).

dw ) =4n (5o ) )V 2 T'Tdv (31.9)
the distribution in kinetic energy (Ey),

ko
dw (B =2 (57 1 )”22"’ T GE,, (31.10)

and other distributions.
When a system consisting of N partlcles ls in ulermo-
dynamic equil its
by a relatively small number of macro-parameters (phys-
ical quantities that can be found from measurements in
experiments) having definite,- time-independent values.
Owing to the chaotic motion of the particles their position
and velocity change constantly. This means that while
the remain h d, the micro-
parameters vary. Thus, a smgle macro-state has corre-
sponding to it a multitude of mlcro-stnus. whmh unphes
that any pic qunnhty ds on the
In ical physics it is d that
physical quantities observable in experiments
(macro-parameters) can be found as mean values
calculated over the set of admissible micro-states
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(see (31.3)). Consequently, one of the main problems
solved by the statistical method is finding mean values
of various physical quantities and determining the mean
number of particles dN (belonging to a collection of
N particles) that possess a certain property.

Example 31.1. Nutrogen is in a vessel at a pressure p =
1 atm and a temperature T = 300 K. Find the fractional
number of nitrogen molecules whose speed Les within the
interval ranging from (v) to () -}- dv, with dv =1 m/s.
No ezternal forces are present.

Solution. At 1 atm and 300 K nitrogen may be assumed
to be an ideal gas. In the absence of external forces,

()

0 v v
Figure 31.1

the molecules of an ideal gas obey the Maxwell distri-
bution. The concrete form of this distribution is deter-
mined by the terms of the problem, in short, we must
use the Maxwell distribution in the absolute value of the
velocity, (31.9):

AN = Nan (5o )”2 Ve-mOVIT dp,  (31.11)

where dN is the number of molecules (of the given N mol-
ecules) whose speed lies within the interval from »
to v + dv, and m is the mass of a nitrogen molecule. As
is known, formula (31.11) is valid if dv is so small that
any variation of the distribution function

I ()= g = ot (g )P e T2 (31.42)
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in this interval can be ignored, that is, the distribution
function is assumed to be constant (within the interval).
In our case the interval dv = 1 m/s is small (compared
to the mean speed () = V 8kT/nm = 475 m/s). In
addition, the distribution function fy(v) varies very
weakly in the neighborhood of (v) (Figure 31.1). Hence,
formula (31.11) practically solves the problem. Sub-
stituting the value of the mean speed () = ¥/ 8kT/nm
into (31.11), we arrive at the solution to the problem in
general form:

N 8V§( m )'lze-‘/"dv.

N - = B

Carrying out the necessary calculations, we get
dN/N =1.9-10°=0.19%,

where we have used the tabulated values of the function
flz) =™

Example 31.2. Find the fractional number of molecules
whose speed exceeds the absolute value of the mean velocity.

Solution. In this case dv is infinite (ranging from (v)
to oo) and formula (31.11) cannot be used directly. How-
ever, if we integrate (31.11) within the above-noted
limits, we find the sought fractional number of molecules:

i PR..Y
Sr={ (o) e T v
2

=t | e-amt iz, (31.13)
V= )

where o = m/2kT, and N, is the number of molecules
(with the total number being N) whose speed exceeds the
mean speed.,
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Let us represent the last integral in (31.13) in the
following form:

..
—/— ad? ( -9 y2dy
V= @

= )
= f_ a2 g -0 y2 dy — —/47 a¥? ( e~ p2 dp.
Va N Va °

The first integral on the right-hand side is equal to unity
according to the normalization condition (31.2):

Va

To calculate the second integral, we change the variable
in it by setting ¢ = v }/ @. Then

-
S ( e-av y2dp=1.
o

(2) Ve
I/Lia’/’ ( 0-av? 2 dy = —_ g 1Ze-1*dt
0 0
1.13
=4 ( pe-mas, (3144
Va

since V'@ () =)/ 4/n ~ 1.13. We integrate (31.14) by
parts and reduce the last integral to the error function
2
2
D ()=—= \e-dr,
&= S
whose values are listed in special tables. We obtain
1.13

4 - 4 e—ﬂ 'LL’! 1 1 "
— e-Pdt=—=|- ¢ |5 |\ e ®dt
s B 7§ o]

[Z] o
= - 0.394+ D (1.13).

From error-function tables we find that ® (1.13) = 0.89.
Hence the fractional number of molecules whose speed
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is greater than the mean is
N /N ==0.50.
Thus, half of the molecules have a speed higher than
the mean and half lower than the mean.

Example 31.3. Find the number of hydrogen molecules
that every second cross an area of one square centimeter
Ppositioned at right angles to the X azis of a ceordinate
system (the hydrogen is kept in standard conditions).

Solution. We give two solutions of this problem.

The first model. Since there is no preferential direction
in the motion of the gas molecules, we must assume that
one-third of all the molecules fly along the X axis, one-
third along the Y axis, and one-third along the Z axis.
Hence, one-sixth of the molecules fly in the positive di-
rection of the X axis. We also assume that all the mole-
cules have the same speed equal to (v.) Then the sought
number of molecules is

= (1/6) no (v) AA At, (31.15)

where n, is the number of molecules per unit volume,
AA =1 cm? the area through which the molecules fly,
and At =1 s a time interval.

The second model. In the first model all the molecules
were assumed to be moving with the same speed (v).
However, as we know, molecules are distributed in the
components of velocity according to the Maxwell distri-
bution, which in the case of one-dimensional motion
can easily be obtained from distribution (31.8):

e 3
(o) = (g ) e T, (3116

Hence, the number of molecules flying through the area
AA =1 cm¥inthe course of At = 1 s can be found from
the relationship

ny,=AA At \ v.dr(v,)

mog
v
BTy, do,

at{ n, (g

§
sascf
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with « = m/2kT. Since (v) = Y 8kT/am, we have
ny=(1/4) no(v) AA At. (31.17)

We see that the expressions (31.15) and (31.17) differ
considerably. Carrying out the necessary calculations

FulEn
|
|
|
I
I

o Exmp .
Figure 31.2

and allowing for the fact that n, = py/kT,, where p,
and T, are the standard pressure and temperature, we get

ny & T4 X108, n, &~ 111 x 102,

Example 31.4. A vessel of volume V =30 | contains
m =100 g of ozygen under a pressure p = 3 X 10° Pa.
Determine the most probable value of the kinetic energy of
the oxygen molecules.

Solution. One can easily show that oxygen in the spec-
ified conditions constitutes an ideal gas. The most pro-
bable value of the kinetic energy of the oxygen molecules
corresponds to the maximum in the Maxwell distribution
(31.10) in kinetic energy (Figure 31.2) and can be found
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from the appropriate distribution function,

In(B)=2n ()" EV%T BT (31.48)
Ilence, the problem is reduced to finding the extremum
of function (31.18). Finding the first derivative of fi(Ey)
and nullifying it, we get
" 32 - 2
fin B =2n ()" B (= 57 ) B

+2n( ﬂ:ﬂ- )312% ER—IIZD~EKIA1'=OA

Hence, the most probable kinetic energy of the molecules
is

Ry mp=FKT/2. (31.19)
The temperature can be found from the ideal gas law
7= pVM/mR.

Using (31.18) and (31.3), we can find the mean value
of the kinetic energy of the molecules (in Lranslational
motion):

(Ey= % kT.

Thus, the mean kinetic energy of molecules of an ideal
gas is three times the most prohable value of the kinetic
energy:

(E)Ex mp= 3.

Note that the ralio of Lhe average speed of molecules
and the most probable speed is lower than three:

L) VEHJm g g3
Vmp V 2T /m

32. The Boltzmann Distribution

The Boltzmann distribution (31.6) for the one-dimensional
case assumes the form

o (2) =48 - po-vonT s, (32.1)
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where dN (z) is the number of particles contained in
a layer of thickness dz in the neighborhood of coordinate z
(N is the total number of particles). Let us apply distri-
bution (32.1) to the atmosphere of Earth. We assume
that the temperature of air in Earth's atmosphere is
constant (T = const; the case of an isothermal atmo-
sphere) and that the altitude 2 to which the atmosphere
extends is much smaller than Earth’s radius R (b < R),
which means that the acceleration of free fall in the
atmospheric layer is constant (g = 9.8 m/s® = const).
Then the potential energy of a molecule of mass m at
an altitude z above Earth’s surface is U (z) = mgz.

Using the normalization condition (31.2), we can find
the value of constant B:

1= Bie-me=nT dz, B,—mg/hT.
o

Thus, the number of molecules dN (z) in a layer of air
céf thickness dz at an altitude z above the surface of
arth is

AN (2) = 7€ o-mexnt gz (32.2)

Suppose that dA is the elementary area perpendicular
to the X axis. Then dz dA = dV is the volume olement,
and

Nmg

_TIT =Po
is the pressure of the atmosphere at the surface of Farth.
Hence, the number of molecules contained in a volume dV/
at an altitude z is

dN (z) -=— e~mex/hT (V.
Since dN (z)/dV = n is the number of molecules per

unit volume at altitude z and po/kT = n, is the same
quantity in the surface of Earth, we have

n=nge-mgx/AT, (32.3)
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This yields the following barometric height formula
P=pge AT

Standard problems involving the Boltzmann distri-
bution, like those involving the Maxwell distribution,
are reduced to finding the means of physical quantities
and the number of particles possessing specific properties.

Example 32.1. Find the mean potential energy of air
molecules in Earth's gravitational field. At what altitude
above the surface of Earth is the energy of the molecules
equal to the mean potential energy? The temperature of
the air is assumed constant and equal to 0 °C.

Solution. The gas (air) is in Earth’s gravitational field.
Hence, its molecules are distributed in energy according
to the Boltzmann distribution:

1n(0) = Be-un,

where U = mgh is the potential energy of a molecule.

If we know the distribution function f for the mole-
cules in a specific physical parameter ! (speed v, moment-
um p, energy E, etc.), the mean value of a specific physical

quantity that is a function of this parameter, ¢ = ¢ (I),
is del ined from the expressi
[w)/(u Ll
(@ ()=
_[/(n a
i

In our case ¢ !) = U and f = fg. Thus, the mean
value of the potential energy of air molecules in Earth’s
gravitational field is

'fnur"l"au °f Ue~UMT 4y
=L = (324

=
[Be~URTay [ e~UATay
i 0
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Ilere the denominator

\ e-UPT4U =kT
o

and the numerator

\ Ue-UNTQU = k2T \ to-t de = kT2
o o

Hence, (U) = kT.

Now let us find the altitude i at which the potential
energy of the air molecules is equal to the mean potential
energy: (U) = mgh, or kT = mgh. Hence,

KT _ RT -
h—— e h~8x103m
Example 32.2. Determine the mass of air contained by
a cylinder with base area AA =1 m® and altitude h =
1 km. Assume that the air is in standard conditions.

Solution. Here we cannot apply the ideal gas law since
the physical system, the ideal gas (air), is in Earth’s
gravitational field. We cannot directly employ formula
(32.2) either because the layer thickness dz =k =1 ki
is large. Integrating (32.2) with respect Lo z from 0
to h, we can find the total number of air nolecules in the
cylinder:

Nmg b -DE -
Ny==gE\e ™ dr=N (1 —e ')
0
mgh
_pBA (g T ).
mg

Multiplying (32.5) by the mass m of one molecule, we
arrive at the expression for the sought mass:

_mgh _Msn
My=mN, =224 (1—e )~-ﬂ°:—‘({—e BT

where M = 29 kg/mol is the molar mass of air,
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II the air did not experience a gravitational pull,
then the ideal gas law would yield

M, = py AARM/RT.
Let us find the M, to M, ratio:

Mgh
= TRT (1 —e- M8W/AT)

A numerical calculation for altitudes £, = 100 m, k, =
1 km, and khy; = 10 km yields the following values for
this ratio: a; = 1.008, «; = 1.08, and «; = 1.8.

We see that for air contained in a volume with an
altitude of several hundred meters we can apply the
ideal gas law and ignore the Boltzmann distribution.
For air contained in a volume with an altitude of one
kilometer and more the use of the ideal gas law leads
to considerable errors and in such cases we must allow
for Earth's gravitational field.

It would be interesting to study the dependence of
on parameters (the temperature I, the molar mass M,
and the acceleration of free fall g).

Example 32.3. The atmosphere contains dust particles
with a particle mass m = 8 X 10-*® kg and @ particle
volume V =5 X 10-** m®. Find the decrease in the con-
centration of these particles at altitudes h, =3 m and
hy = 30 m. The air is in standard conditions.

Solution. The physical system consists of dust particles
and air molecules in the Earth's gravitational field.
Hence, both the dust particles and the air molecules
obey the Boltzmann distribution (32.3). For air mole-
cules this distribution can be applied directly, while for
dust particles doing so may lead to considerable errors.
The fact is that in addition to being subjected to the
force of gravity mg, the dust particles are acted upon by
a buoyancy force Fy since they are submerged in air.
A simple calculation shows that F), is comparable in
order of magnitude with the force of gravity mg. Indeed,
the density of a dust particle is pg = m/V, or pg =8 X
10-%2/5 X 10-** =~ 1.6 kg/m®, which differs little from
the air density p,, &~ 1.3 kg/m®. This means that the
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buoyancy force difiers little from the force of gravity.
For this reason we first find the effective mass of a dust
particle, mey = g — Fi/g, or mey = m — p,, V, where
Payr is the air density. The air density can be found from
the ideal gas law:

Parr = PMIRT.
Hence,

MV
Moy — m - pn_r .

Employing the Boltzmann density (32.3), we find the
variation of the concentration of dust particles with
altitude:

Meigh _{m-pMV/RT)gh
ﬂ=L=e- T —e AT N

A numerical calculation for k;, =3 m and h, =30 m
yields f; = 0.29 and B, = 3 X 10-°, respectively. Thus,
while at the altitude 2, = 3 m (the height of a one-story
building) the dust concentration is still apﬂ{oximalely
one-third of the dust concentration at the surface of
Earth, at an altitude h, = 30 m (the top of a ten-story
building) there is practically no dust. This conclusion
is valid if there is no updrift.



Part 3
SOLUTION OF NONSTANDARD, NONSPECIFIED,
AND ARBITRARY PROBLEMS

Chapter 12
NONSTANDARD AND ORIGINAL PROBLEMS

33. Nonstandard Problems

Earlier we noted that concrete and generalized knowledge
is not sufficient to solve nonstandard problems. Asa rule
when we apply such knowledge to problems of this type,
we end up with an open system of equations. Then we
have to look for an unspecified “something” that will
enable us to close the system of equations. In nonstandard
problems this unspecified “something” is so diversified
that any attempt to classify such problems proves futile.
In the few examples considered below we will specify
the characteristic features of this “something” and ways
of establishing them.

Example 33.1. An object of mass m is lying on a hori-
zontal surface, with a coefficient f of friction between surface
and object. At time t = 0 a horizontal force varying accord-
ing to the law F = ta, with a a constant vector, is applied
to the object. Find the length of the fath traveled by the
object after the first t seconds have elapsed.

Solution. We carry out an ordinary analysis of the
problem by applying the method of analyzing its phys-
ical content. Only the object of mass m constitutes the
physical system, and we consider this object a particle.
Several forces influence the motion of the body, and ore
depends on time. We must find one of the parameters
of this motion, the path traveled by the object. This
constitutes a basic problem of particle mechanies.
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Let us apply Newton's second law. We link an inertial
reference frame with the horizontal surface and direct
the X axis along vector a. Four forces act on the object
during the motion: the given force F = at = iat, where
i is the unil vector pointing in the positive direction of
the X axis, the force of friction Fy, = —fmgi, the force
N by the support (the horizontal surface) on the object,
and the force of gravity mg. The last two forces compen-
sate each other. By Newton's second law,

dv

m—g =ati— [mgi,
or in terms of projection on the X axis,
m L= =at— fmg.

de

Integrating this equation and allowing for the initial
conditions, we arrive at the law of variation of velocity:

at?
Vp=5-— fgt.

Integrating the equation dz/dt = vy, we obtain the law

of motion:

at® fer?
T=g =g (33.1)

The last expression provides the answer to the prob-
lem. However, the solution is invalid. The physical
analysis has been carried out formally, that is, we did
not allow for static friction and, especially, for the fact
that this force, just as the given force F = at, varies
(grows) with time. The object starts moving only at
time {, = fmg/a, when the static friction reaches its
maximum value. Prior to this moment the object was
at rest. Substituting into Eq. (33.1) t — ¢, for ¢, we arrive
at the correct equation:

o aU—tP _ fg—t)?
Bm 2 N

where ¢t > t,.
Thus, in the given nonstandard problem the “some-
thing" was a thorough analysis of the force of friction
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and the fact that this force varies with time, specifically,
grows from zero to its maximum value fmg as the given
force F = at grows.

A condition very often encountered in nonstandard
problems is the separation condition; when the interaction
of objects ceases, the elastic force exerted by the support
vanishes, or N = 0.

E: le 33.2. A ¢ de de force F = at, where
a is constant, starts to act at time t = 0 on a small object
of mass m lying on a smooth horizontal surface. The forc-
always forms an angle o with the horizontal surface. Find
the moment in time when the object is separated from the
surface and the velocity of the object before and after sepa-
ration (lift-off).

Solution. The physical system consists of only one
body, object m. All other bodies are considered external.
The given object may be considered a particle. As a result
of the interaction with external bodies the given object
moves. Note that one of the external forces depends on
time ¢. We wish to find the moment when a certain event
takes place (lift-off) and the velocity of the object before
and after the event. Since the motion of the object is not
considered formally (the force is specified), the given
example is related to a basic problem of particle ine-
chanics.

Let us employ Newton's second law. We link an inertial
reference frame with the horizontal plane, direct the X
axis along the plane, and direct the Y axis vertically
upward. By Newton's second law,

m —da':—" =atcosa, (33.2)
m ﬂ =N+ atsina—mg. (33.3)

It is easy to guess (') that prior tolift-off v, = const = 0
and, hence, the sysiem of equations (33.2), (33.3)
assumes the form
d:" —atcosa, (33.4)

0=N+atsina—mg. (33.5)

m
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We have arrived at a system of two equations in three
unknowns (vy, N, and t), but if we guess () that at the
moment of lift-off the force exerted by the support on the
object vanishes (N = 0), then Eq. (33.5) immediately
gives us that moment:

mg
P (33.6)

Next, integrating Eq. (33.4) and allowing for the
initial conditions, we obtain the law of variation of
velocity prior to lift-off:

‘=$ (33.7)

After lift-off (N = 0) the system of equations (33.2),

(33.3) assumes the form

m % =atcosa, (33.8)
md(‘:—”_”lo) =a(t—ty)sina—mg. (33.9)

In Eq. (33.9) we have allowed (!) for the’ fact that the
motion along the Y axis starts at time of lift-off ¢, =
mgla sin a. Integrating Egs. (33.8) and (33.9) and allow-
ing for the initial conditions, we arrive at the law of
variation of the velocity after lift-off (¢ > t,):

ve aﬂzc;:sa i+ [“(Lzﬁ)n)’ﬂ_g(t_go)] i, (33.10)

where i and j are unit vectors directed along the X and Y’
axes.

At first it may seem that the guesses made in the pro-
cess of solving the problem (prior to lift-off v, = 0, at
the moment of lift-off N vanishes, and after lift-off the
time it takes the object to move along the Y axis is
t — t,) are minute, inessential. Indeed, they are, but
without making them we cannot solve the problem. This
illustrates the important role played by the little “some-
thing.” After solving such problems our experience and
physical intuition become richer. Gradually these details,
or guesses, do indeed become obvious. But everything
that has been mastered seems simple and obvious, while
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the unknown and unsolved seems complicated and in-
comprehensible.

Another widely used tool in solving nonstandard prob-
lems is the choice of a simple reference frame (RF). Here
are three examples. In the first the choice of the reference
frame makes no difference, in the second it is so important
that one choice makes the problem standard while another
makes it nonstandard, and in the third a successful choice
of RF becomes a decisive factor (a common standard
problem becomes an original one).

Example 33.3. A chain of mass m is laid out in a circle
of radius R and fitted onto a smooth circular cone whose
semi-vertez angle is © (Figure 33.1). Find the tensile stress

am C

Figure 33.1 Figure 33.2

developed by the chain if the cone (with the chain) rotates
with a constant angular velocity o about the vertical azis,
which coincides with the cone’s symmetry azis.

Solution. The physical system consists of a single
object, the chain. The chain cannot be thought of as
being a particle. The sought tensile stress acts on each
element of the chain. Hence, we partition the chain into
similar elements so sinall that each may be assumed to
be a particle. We consider one such element (or particle)
of mass Am. It moves along a circle of known radius R
with a known angular velocity ®. and certain forces

17¢
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act on it. We must find one of these forces. This constitutes
one of the basic problems of the dynamics of rotational
motion of a particle.

Let us employ Newton's second law. It can easily be
shown that the choice of a reference frame (inertial or
noninertial) is irrelevant; we will write the system of
equations for this problem simultaneously in two refer-
ence frames. Let us select the noninertial reference frame
(NIRF) as the one linked to element Am and the inertial
reference frame (IRF) as the one linked to any (external)
fixed object. Four forces act on Am in IRF: the force of
gravity Amg (Figure 33.1), the elastic force N exerted
by the support (cone) on the element, and two equal
(why?) tensile stresses T (Figure 33.2), each of which
is directed along the tangent to the circle at the appro-
priate point. In the NIRF there is an additional fifth
force, the centrifugal force of inertia Amw?®R. Projecting
the forces on the coordinate axes, we can write Newton's
second law in the following form for the IRF:

N sin 0 — 2T sin(@/2) =0 (for the Z axi3), (33.11)
2T sin (@/2) — N cos0=Amw?R (for the X axis). (33.12)

Correspondingly, for the NIRF:
N sin 6 — 2T sin (@/2) =0, (33.13)
2T sin (@/2) — N cos § — Amw?R=0. (33.14)

Obviously, the system of equations (33.11), (33.12)
is equivalent to the system (33.13), (33.14), but in either
case it constitutes an open system of two equations in
three unknowns (7, «, and N). Hence, we must find
the “something” that will close the system of equations.
Looking at Figure 33.2, we guess that angle @ is in some
way connected with the element Am. It is easy to see
(why?) that this connection has the form

Am/m = a/2n.

Finally, if we allow for another “something,” the fact
that angle a is small (and, therefore, sin a =~ a), we
arrive at a simple, closed system of equations (in the
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1RF)
Nsin® — Amg =0,
Ta — N cos 8 = Amw?®R,
Am/m = a,2n.

After solving this system we arrive at the answer in
general form:
7= m (0?R 4 g cot 8)
= e

Note that although concrete and generalized knowledge
plays an essential part in the solution of this problem,
the role of the insignificant “something” has increased.

Example 33.4. A massless pulley is attached to the ceiling
of an elevator, then a massless string is swung over the pulley,
and the ends of the string are
tied to two loads of mass m, and m,
Figure (33.3). The elevator is
lifted with an acceleration a.
Ignoring friction, find the force

Iﬂ

[

with which the pulley acts on the T
ceiling of the elevator. T

Solution. We will solve the
problem in two reference frames, |m, ~maal
one linked with the elevator
cabin (NIRF) and the other [™®
linked with Earth (IRF).

ma ¥

Solution in NIRF. The phys-
ical system incorporates the two .
loads m, and m, (which can be Figure 33.3
thought of as particles), the
massless pulley, and the massless string. The objects of
the system are in accelcrated motion due to the action
of certain forces. We must find the force with which
the pulley acts on the ceiling of the elevator cabin. This
constitutes a basic problem of dynamics.

Let us apply Newton's second law to m, and m, in
the selected NIRF. We send the X axis downward (see
Figure 33.3). Three forces act on object m,: the force of
gravity m,g, the tensile stress T developed by the string,

X
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and the force of inertia —m,a. Projecting these forces
on the X axis. we obtain the expression for Newton's
second law as applied Lo m,:

mg + ma — T = mb,
where b is the projection of the acceleration of m, in the
selected NIRF. Here we have assumed that m, > m,,
so that b is directed downward. Correspondingly, for
m, we have

myg + mya — T = —m,b.

We have a closed system of two equations in two un-
knowns (T and b). The sought force F can be found by
writing Newton's second law for the pulley’s center of
mass (which is fixed in the NIRF): 2T — F = 0. Uence,

_4mymy (g+-a) 4
F= s (33.15)
Thus, in the selected NIRF the problem has proved to be
standard.

Solution in IRF. Newton's second law as applied to m,
and m, yields

mg — T = mya,, (33.16)
myg — T = —maa,, (33.17)

where a, and a, are absolute values of the projection of the
accelerations a, and a, of objects m, and m,, respectively,
in the selected IRF. We have an open system of two equ-
ations in three unknowns (7, a,, and a,). Hence, we
must find the “something” that wifl close the system.

We guess that a, and a, are related. But how? Obvi-

ously (1),

a, =a, 2a. (33.18)
Indeed, since a, = b + a and @, = b — @, we have

a, —a, = 2a.

Solving the closed systems of equations (33.16)-(33.18),
we find that

_2myms (g+a)
7=
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Hence,

Feop AmmG+a)

my-tmy

which coincides with (33.15). Thus, the same problem
in the specified IRF has proved to be nonstandard.

Example 33.5. The projectile of an antiaircraft gun is
fired upward with muzzle velocity v, and explodes at the
hughest point of its trajectory into n equal parts. The frag-
ments have equal velocities, u,, directed at different polar
(0) and azimuthal (¢) angles. Determine the position of an
arbutrary fragment at any moment in time.

Solution. We select an inertial reference frame, the one
linked with Earth. It is easy to see that with such a choice

Uo

a

Figure 33.4

the problem is standard. The physical system consists
of only one fragment, which can be thought of as being
a particle. The particle’s initial altitude h, = v}/2g,
the initial velocity u,, and the angle @ = 90° — 8 that
u, makes with the horizon (Figure 33.4) are known. We
must find the position of the fragment at any moment of
time ¢. This constitutes a basic problem of particle kine-
matics.

Let us select the plane in which an arbitrary fragment
moves (along a parabola) as the coordinate plane OXY
(Figure 33.4). Then the law of motion of the fragment in
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parametric form has the form
v} . [{d
z=uyjcosat, y= — W‘?ﬂ:uosmat+ =5

Obkusly, tlus law oi motion makes it possible to find
f the f at any in time.
Now we take the reference frame linked with the center
of mass of the projectile as the NIRF. After the explosion
the center of mass (the origin of the NIRF) moves down-
ward with an g In this ref frame the
motion of any fragment is uniform (with a velocity u,)
and, therefore, at every moment all fragments form a
sphere of radius R = u,t with the center at the origin.
We have solved the problem, and the solution is not only
simple and elegant but very graphic.
Thus, the same problem considered in a specified NIRF
has proved to be an original problem.

34. Original Problems .

It is better to speak not of standard, nonstandard, or
original problems (since we have just seen that the same
problem can be considered a standard, nonstandard, or
even original depending, for one thing, on the choice of
reference frame) but of ways of solving problems (stan-
dard, nonstandard, and original).

Trying to classify original problems is, obviously, just
as meaningless as trying to classify nonstandard problems
in general. It can only be noted that original problems
often allow for a standard, nonstandard, or original
solution. In the first case it is sufficient to employ only
concrete and generalized knowledge, in the second one
often resorts to guesses (though this plays no essential
role in the solution process), and, finally, in the third
the problem can be solved only by intuition and a wild
guess. It is problems of the third group that we can call
original. Here are some examples.

Example 34.1. Out of a uniform solid circle of radius R
we cut a circle of radius r << R/2 centered at a distance
a < (R —r) from the center of the larger circle (Fig-
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ure 34.1a). Find the position of the center of mass of the
resulting figure.

Solution. The problem allows for a standard solution,
following from the definition of the center of mass (see
Eq. (13.2)). But the standard solution involves rather
cumbersome computations. Let us try a nonstandard, or
maybe even an original, solution. What special feature
characterizes the given physical system? As is known,

(a) (v)
Figure 34.1

circles are symmetric figures with an infinitude of sym-
metry axes (the diameters of the circles). The center of
mass of the larger circle (we denote this figure by the
Roman numeral I1 in Figure 34.1b) lies (before the smaller
circle was cut out) at the center of the circle (point 0).
The figure left after we cut out the smaller circle (we
denote this figure by the Roman numeral I) is still sym-
metric, but possesses only one axis of symmetry, 00,.

But what if we were to cut out two small circles instead
of one in such a way that the two are positioned symmetric-
ally in relation to the larger circle (Figure 34.22). The
center of mass of the resulting figure (we denote this
figure by I1I) will be positioned at point O (this follows
from symmetry considerations). Now we return the
second small circle (the left one) to its place (the resulting
figure is denoted by IV in Figure 34.2b). Then the pro-
blem of finding the center of mass of figure I is reduced
to finding the center of mass of the system of figures I11
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and IV, whose centers of mass are known. Since the center
of mass of two objects lies on the straight line connecting
their centers of mass at a point A (Figure 34.2a) that

(v)
Figure 34.2

divides the distance a, between them in a ratio inversely
proportional to their masses, we have

(34.1)

where z = | AO |, m; = anr® is the mass of figure IV,
and m; = a (nR* — 2nr?) the mass of figure III, with
a = const. From (34.1) we find the sought position of the
center of mass of figure I:

ar?
R=7

Note that the most important point in the second (ori-
ginal) solution of this problem was the guess about cut-
ting out an additional small circle. This guess constitutes
an element of experience, of physical intuition.

Let us make the terms of the problem more compli-
cated. Suppose that we are dealing with an asymmetric
figure, say a triangle, out of which we have cut out a
circle.

Example 34.2. Out of a triangular plate with sides a, b,
and ¢ we cut a circle of radius r centered on a median AD
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of the triangle at a distance a, = | MN | from the point M
where the medians intersect (Figure 34.3). Find the position
of the center of mass of the resulting figure.

Solution. It is easy to see that this problem allows for
a standard solution via formula (13.2) involving cumber-
some calculations. Let us try another approach. The
method of cutting out a second circle so as to obtain
a symmetric figure does not work here because the initial

Figure 34.3

figure, the triangle, is not symmetric. But the idea of
combining various figures can still be used. Let us return
the small circle to its proper place (we denote this small
circle by I). Then we have a triangle OAB (we denote
it by I1I) whose center of mass lies at the point M where
all three medians intersect. But the center of mass of
figure Il (the triangular plate with the circle cut out)
lies at point L on median AD at an unknown distance =
from point M, and we guess that figure III may be con-
sidered as the combination of tigures I and II. Since the
mass of each figure is known (m, = awr®, m, = my — m,,
and m, = a [Vp (p—a) (p — b) (p — ¢) — ar*], where

= (a +- b +¢)2). Eq. (34 ‘l) which gives the center
of mass of ﬁgures I and II, assumes the form

z/ay=m,/m,.

In general form the solution is
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Example 34.3. A uniformly charged ball has a spherical
cavity whose center lies at a distance a from the ball’s center
(Figure 34.4). Find the electric field strength at an arbitrary
point inside the cavity if the charge density is p.

Solution. The physical system consists of a uniformly
charged ball with a cavity. We need to calculate the
electric field inside the
cavity. This constitutes a
basic problem of the theory
of an electrostatic field.

Since the charge of the
ball cannot be considered
point-like, the DI method
could be employed (see Sec-
tion 6), but this method
involves  time-consuming
evaluation of integrals. Let
us instead employ the com-
bination ideas discussed
above. We denote the radius
. of the cavity by r and that

Figure 34.4 of the ball by R. We con-

sider a collection of three

objects uniformly charged with electricity with a charge

density p: a small ball of radiusr (denoted by I),

a large ball of radius R (denoted by III), and the ball

with the cavity (denoted by II). According to the super-

position principle, the electric field strength E; at any

point inside the big ball is equal to the vector sum of the

electric field strengths of the small ball, E,, and the ball
with the cavity, E,:

E; = E, + E,.
Hence, the sought field strength is
E, =E; —E,.

Suppose that an arbitrary point A inside the cavity is
positioned at a distance y from the center of the cavity
and at a distance z from the center of the ball (Figure 34.4).
Then the formula for the yield strength inside a charged
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ball yields
E =pyl3e,, (34.2)
Ey=0pz/3¢,. (34.3)

Let us consider triangles A00, and ABC. Allowing for
(34.2) and (34.3), we find that

Hence, these triangles are similar, whereby

|BC| _j4cl o E_E
100,T 1401’ CREER
Thus,
E,=ap/3e,.

Since E, is parallel to 00, (this follows from the similar-
ity of triangles A0O, and BAC), we finally conclude that
the electric field inside the
cavity is homogeneous.

Example 34.4. A direct
constant current of density j
is flowtng in an infinitely
long cylindrical conductor.
The conductor contains an
wnfinitely long cylindrical
cavity whose azis is parallel
to that of the conductor and
is a distant from it (Figure
34.5). Determine the magnet-
ic field strength at an arbi-
trary point inside the cavity.

Solution. Let us employ
the method developed above.
We consider an arbilrary point inside the cavity, denot-
ed by A, that is z distant from the axis of the big cylinder
and y distant from that of the cylindrical cavity (Fig-
ure 34.5). It is expedient to consider three systems:
the current and its magnetic field inside a solid (i.e.

Figure 34.5
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having no cavity) infinitely long cylinder (we denote it
by 111), the current and its magnetic field inside the cy-
linder with the cavity (we denote it by I1), and the current
and its magnetic field inside a small (but infinitely long)
cylinder whose radius is equal to that of the cavity (we
denote it by I). Since by the superposition principle

H; = H, - H,,
we find that the sought magnetic field strength is
H, = H, — H,.

From the theorem on the circulation of vector H,

1lence,

Hy, ~z 1401 "

Since the angles BAC and OAO, are equal, the triangles
ABC and 0AO, are similar. Thus,

Hyla=Hyx, or H,=jar2.

It can easily be shown that H, is perpendicular to 00,;
hence, the magnetic field inside the cavity is homogene-
ous.

Note that solution of the last problem proved to be
standard because prior to the problem we solved three
almost similar problems and our experience and physical
intuition grew with each one. We are now able to for-
mulate dozens of similar problems, and they will be
standard rather than original because in the process of
solving the first three problems we found a special method
for their solution. Thus, the concepts of standard, non-
standard and original problems are very arbitrary and
relative and depend on the experience and physical intui-
tion of the person solving the particular problem. Nev-
ertheless, it is useful to classify problems as standard,
nonstandard, or original.
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Chapter 13
NONSPECIFIED, RESEARCH, AND ARBITRARY PROBLEMS

35. Nonspecified Problems

In Section 8 we mentioned nonspecified problems in con-
nection with the problem statement method. Here we
discuss such problems in detail.

The reader will recall that we defined a nonspecified
problem as one with an incomplete system of data for its
solution or a nonidealized one or a problem with both
features present. The solution of a nonspecified problem
begins with specifying the problem:

before solving a problem, formulate it.

However, presenting the general solution of a nonspe-
cified probl as two ce tive steps (: and
so]uuon) reflects only the external aspect of solving
a nonspecified problem. For a general solution one must
see not only the interrelation and permeation of these
steps but also their order of succession. The very process
of formulating the first problem (usually the simplest)
prepares its solution. The subsequent process of analyzing
the first problem prepares the conditions for making the
necessary step in solving a more complicated problem,
and so on. Here we have the inner dialectics of the process
of finding a general solution for a nonspecified problem.

Nevertheless, the most important, decisive step is to
formulate the problem. There is good reason to say that

once a problem has been properly formulated, half of
the work of solving it has been done.

Formulation of a problem (as well as solution of a spe-
cified problem) begins with the choice of a physical sys-
tem. One must establish which objects are included in
a given system and which will be considered external. Then
the physical system is analyzed, that is, first, one estab-
lishes what properties the objects in the system possess
(classical or quantum, elastic or inelastic, rigid or other-
wise, etc.) and, second, in what conditions the objects
in the system operate. As is known, the properties of the
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objects of a system and the conditions in which they
operate determine the physical phenomena occurring
in the system. A physics problem always emerges inside
a physical phenomenon and reflects the phenomenon.
The process of analyzing a physical system begins with
idealization of the problem: we introduce ideal objects
(particles, massless objects, point charges, etc.) and
estimate interactions and interrelations (determine what
interactions can be ignored, elc.). Idealization of a prob-
lem is carried out practically to the very end of the
solution of a nonspecified problem, and here it is import-
ant to distinguish two interconnected and interwoven
processes: simplification of the terms of the problem and
their complication. At the beginning the first process
is predominant. Starting the solution, one must introduce
as many simplifying assumptions as possible, ignore some
properties of the objects, disregard various conditions
and the like. However, as the problem gets more com-
plicated (in other words, as we ignore fewer and fewer
conditions), the importance of the second process, com-
plication, grows, although here too one may introduce
some simplifying assumptions and limitations.
After the physical system has been chosen and analyzed,
we begin to analyze the physical phenomena that may
occur in the system under certain conditions. At this
stage, too, idealization of the problem continues. Various
ideal processes are introduced and studied, further simpli-
fication of conditions occurs, possible limitations are
studied, and so on. It is at this stage, that is, during the
analysis of a physical phenomenon, that the first problem
emerges: certain data and the sought quantities are se-
lected and the terms of the problem are formulated. Now
the problem has been specified. Whether the formulation
is meaningful or not will he apparent only when the
problem has been solved in general form. Only then will
it be clear whether all the data for obtaining a numerical
answer are present. If some quantities prove to be un-
known, their values must be added to the original con-
ditions. After the solution of the first problem has been
analyzed, the terms are made more complicated, and
he second problem is formulated. This process continues.
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Thus, as noted earlier, Lo each nonspecified problem there
can be assigned a whole cluster of problems of varying
difficulty.

Nonspecified problems are so diverse that it is not always
possible to apply the above scheme to their solution.
Indeed, there simply cannot be any rigid, unified schemne
of this sort because solving a nonspecified problem is a
creative act. But no matter what nonspecified problemn
we may be solving, it is impossible to bypass the for-
mulating process and, hence, the idealization of the
problem. Below we give an example of a nonspecified
problem that at first glance seems to be of a very general
nature.

Example 35.1. Study the motion of two electrically
charged objects.

Solution. The terms of the problem do not state what
is known and what must be found, in short, the problem
is nonspecified. Let us start with the first step, the state-
ment of the problem. The physical system consists of the
two given objects and Earth (we assume that all physical
phenomena involving the objects occur on Earth). The
effect of all other external objects will be ignored. We
know that at this stage we must idealize the problem,
and, hence, must introduce and allow for various sim-
plifying assumptions and conditions. A number of these
conditions have already been stated. We continue the
process of simplification. For the sake of simplicity we
will assume the following:

(1) Both objects are particles with masses m, and m,.
Hence, the charges Q, and Q, are point-like.

(2) The charges Q, and Q, have the same sign.

(3) The effect produced by Earth’s electric field can be
ignored.

(4) The object of mass m, carrying charges Q, is fixed
to Earth’s surface, and the object of mass m, carrying
charge Q, is positioned right above object m, at an alti-
tude k (above the surface of Earth).

(5) Altitude k is small compared with Earth's radius R.
This means that we can ignore all variations of the accel-

1/a 18—0498
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eration of free fall g within this altitude (i.e. g =
9.8 m/s* = const).

(6) The initial velocity of m, is zero (vo, = 0).

(7) Air drag is negligible.

Thus, we are ready to formulate the terms of the first
and simplest problem.

Problem 1. A particle of mass m, carrying a charge Q,
is fized on the surface of Earth. Another particle, mass m,
and charge Q,, is positioned right above the first one at an
altitude h € R, with R the radius of Earth. Charges Qy
and Q, have the same sign. Determine the velocity of m,
at a distance h, from the surface of Earth if the initial
velocity of m, was zero. Aiwr drag and Earth’s electric field
are ignored.

Solution of Problem 1. Applying the law of energy con-
servation to the closed system consisting of Earth and
particles m; and m,, in which only conservative forces
(the force of gravity and the Coulomb force) operate, we
obtain
010,

mygh + Ty

lmz./n

This yields the sought velocity:
2 h—h -
o=V 25 (e—y) — HQOoh (@5

Analysis and statement of other problems. Let us assume
that k; < k. Then formula (35.1) assumes the form

- 20,0: =
v= V2gh— o2l (35.2)
Analyzing this formula, we'can state, for example, the
following problem.

Problem 2. Remaining within the terms of Problem 1,
find the magnitude of charge Q, at which the velocity of m,
at altitude hy is zero.

Solution of Problem 2. Formula (35.2) immediately
yields the solution to Problem 2

_ 4neogmyhih
Q= [ :
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Performmg the necessary calculations (assuming that
m; =10-%kg, h, =10 cm. h = 10 m, and Q, = 10-2C),
‘we obtain 0, = 10-* C. The electric field strength gener-
ated by such a charge at altitudes &, and k can be found
from the following formulas:
Qe - _Q:
Er=gmar ' Ei= g -
Subsmuung the numerical values yields E;, =~ 9 10°V m
and E; ~ 9 X 10* V/m, which are, indeed, much higher
than the eleclnc field strength of Earth, roughly 130 V/m.
We can now formulate the following problem.

Problem 3. What will happen to object m, if its velocity
vanishes at altitude h,? At what altitude hy, will object m,
be in equilibrium and what will be the
nature of the object’s oscillations tf it m
is disturbed from equilibrium? )

We can then formulate hundreds of 1
problems by lifting or varying the
conditions just stated. All these prob- { N

|

a

lems, however, are only particular
cases of the following
Generalized problem. An object of

mass m carrying a charge Q is moving R
win an arbitrary electric field and an
arbitrary gravitational field. Determine Figure 35.1

the nature of its motion.

It is important to note that theoretically this gener-
alized problem can be solved by both the dynamical
method and the conservation-law method. This means
that all the particular problems as well can be solved by
these methods. Suppose that we have the following

Particular problem. Electrically charged drops of mercury
fall from an altitude h into a spherical metal vessel of
radius R in the upper part of which there is a small opening.
The mass of each drop is m and the charge on the drop is Q
(Figure 35.1). What will be the number n of the last drop
that can still enter the sphere?

Solution of the particular problem. One can easily see
that the given problem is a particular case of Problems 2
and 3. Each drop of mercury reaching the vessel increases

18+
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the charge of the vessel by Q. This charge is evenly dis-
tributed over the outer surface of the sphere and generates
an electric field. As is known, the electric field of a uni-
formly charged sphere is equivalent to the field created
by a point charge of the same magnitude but positioned
at the center of the sphere. Thus, Q; = nQ, and @, is
the charge of the (r -+ 1)st drop, which is in a state of
equilibrium at an altitude k above the surface of the
Earth. The fact that the sum of the force of gravity mg
on the (n + 1)st drop and the Coulomb force with which
charge Q. acts on the charge Q of the (n -- 1)st drop is
zero implies the validity of the following equation for n:
e _
Teg iR~ ME-
Here, in accordance with item (3) in the simplifying
assumptions applied to the terms of Problem 1, we ignored
the electric field of Earth. Hence, a meaningful formu-
lation of the mercury-drop problem requires such values
of R, h, m, and Q that satisfy the given assumption (and
other assumptions as well).

36. Research Problems

Although the problems discussed above belong to the
category of nonspecified and nonidealized problems, the
“crux” of the problems is not clearly evident. Let us
consider a problem (we will call it Example 36.1) that
not only is nonspecified and nonidealized but contains
the idea of the problem. In analyzing this problem we will
see that it is a particular case of the nonspecified problem
considered in Example 35.1 (the motion of a charged
object in an electric field and a gravitational field), but,
in contrast to the generalized problem in Example 35.1,
we will formulate a concrete problem.

An approach to the statement of the problem. It is
well-known that a gas belonging to the atmosphere of
a planet escapes the planet’s gravitational pull. Over
a certain period of time the planet may lose its entire
atmosphere (as was the case with the Moon, for example).
This phenomenon can be explained by the fact that the
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molecules in the atmosphere are distributed in velocity
according to the Maxwell law (precisely, the Maxwell-
Boltzmann law). The result is that in the atmosphere
there are always molecules whose velocity exceeds the
escape velocity for the planet. Such molecules may over-
come the gravitational pull of the planet and leave the
planet’'s atmosphere for ever. In place of the molecules
that have escaped from the gravitational pull there come
other molecules whose velocity exceeds the escape velocity,
and they too will Jeave the atmosphere. If the gravitation-
al pull is not very great, the process will continue until
the planet loses its entire atmosphere.

How easily molecules acquire the escape velocity. The
line of reasoning went like this: the escape velocity,
escape from gravitational pull, the force of gravity. But
other fields, too, may be used to overcome the gravi-
tational field, say the electric field. It is well-known that
Earth has an electric field whose strength at Earth’s
surface is about 130 V/m. Can this field be used to impart
to a charged object the escape velocity?

It can be calculated that if an electron passes a poten-
tial difference of only one volt, its velocity will become
approximately 600 km/s, which considerably exceeds the
escape velocity for Earth (roughly 11.2 km/s). A proton
after passing a potential difference of 100 V acquires
a velocity of 14 km/s, which also exceeds the escape
velocity. Thus, even protons accelerated in this manner
can easily leave Earth.

Statement of problem. Study the possibility of using
an electric field for launching a spaceslup

Approach to the of a bl For
the planet we take a hypothetical planet with Earth's
parameters. We assume that Earth is a ball of radius
R =~ 6400 km and mass M = 6 X 10* kg. Let us make
some estimates, that is, numerical calculations of the
order of magnitude of certain quantities. We start with
the electric charge Q and potential ¢ of Earth:

Q=E4ne,R2, Q~59%x10°C;
, @x~83x108 V.

__9
¢=TreR
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We know (this can be verified by calculations) that
a proton, with a charge @, = 1.6 X 10-'° C and a mass
mp ~ 1.67 X 10-* kg, moving in the electric field gener-
ated by Earth’s charge, may easily acquire a velocity
exceeding the escape velocity for Earth and fly off into
outer space. We pose the following question: what must
the maximal mass m be of an object carrying an electric
charge equal to that of the proton and moving in the
electric field of Earth so that the object may escape Earth’s
gravitational pull and fly off into outer space? Let us
assume that the object, a particle, is launched from
Earth’s surface with an initial velocity v, = 0. Then,
according to the law of energy conservation,

mM QQp .
=6 Tt T =0 @64
with G = 6.67 X 10-'' N.m*kg® the universal gravi-
tational constant. This yields the following formula for
the maximal mass of the object:

m= m=~2.1x10"8 kg,

90,
ne,GM °
which is approximately the mass of a dust particle. Thus,
a dust particle with a mass 2.1 X 10-'8 kg carrying
a charge Q) = 1.6 X 107'* C may escape from Earth’s
gravitational pull. But a dust particle may carry a charge
much greater than the proton charge Q,. Two guestions
emerge in this connection: what can the maximal charge
Qmqx carried by a dust particle (an object) be and how
can such a charge be imparted to the object (the dust
particle)? The answer to both questions may be obtained
il we imagine the object (the dust particle) to be a small
metal ball of radius r that acquires its charge from Earth,
with which it is in direct contact. The electric charge
flows to the ball from Earth until the potentials of both
object and Earth become equal, and then the flow stops.
Since the capacitance of the ball is C = 4neyr and C =
Qmax/®, We obtain

4
Qux = dmeogr= ol — 22 |
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where ¢ is the potential of Earth. Let o be the density of
the metal ball. Then its mass is

m=: % ardp. (36.2)

Substituting the values of the maximal charge of the
ball, Qpay, and mass of the ball, m, into (36.1), we arrive
at an equation for determining the radius r of a ball (or
density p) that can escape from Earth's gravitational
pull and fly off into outer space:

M (43) arp Q0 _
—G R + e, R 0.
Whence

01/ 3
r=2) TR (36.3)

We assume that the density p of the ball is 10° kg/in®
(the ball may be hollow). Carrying out the calculations
in the SI system of units, we obtainr ~ 1.8 X 102 m =
1.8 cm. According to formula (36.2), the mass of such
a ball is about seventeen grams.

Statement of a research problem. Thus, the electric
field of Earth may be used to launch a miniature space-
ship of radius r & 1.8 ¢cm and mass of about 17 g with a
zero launching velocity. For real spaceships to be launched
we must change (increase) the electric field of Earth.
Suppose that now the radius of the spaceship is r, =~
180 cm = 1.8 m. We can now formulate the terms of the
first problem.

Problem 1. What must the electric charge Q, of Earth
be so that a spherical spaceship of radius r, = 1.8 m and
density p = 10° kg/m® can be launched with zero launch
velocity if it acquires a mazimal charge Qmqy from Earth?
Air drag is ignored.

Solution. The solution is easily obtained from for-
mula (36.3):

Qu=tar, Y HBIE o 59 107C.
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‘The surface electric field strength of Earth will then be
E, ~ 13000 V/m and the potential will be ¢, =~ 8.2 X
10" V. Formula (36.2) then yieclds the mass of the space-
ship: m; &~ 17 x 10° kg. A similar problem can also be
stated for the Moon.

Let us now consider another example (we will call it
Example 36.2).

App h to the ofap As is known,
in the state of weightlessness in outer space many phys-
ical phenomena proceed in a manner different from that

bl

Figure 36.1 Figure 36.2

onIEarth. Let us take the oscillations of a simple pen-
ulum.

If on Earth the pendulum is placed in a vacuum, it
oscillates under the force of gravity mg and the tensile
stress developed by the string, F, (Figure 36.1). The
period of these oscillations is

To=2n Vg, (36.4)

where [ is the length of the pendulum.

If the pendulum is placed in a nonviscous medium (an
ideal fluid), an additional force appears, the buoyancy
force F, acting against the force of gravity mg (Fig-
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ure 36.2). The period of oscillations in this case is
_ []
r=2:) =,
and it becomes infinitely large at Fy = mg. If this
happens, the tensile stress developed by the string van-

Figure 38.3

ishes (the force of gravity is compensated for by the
buoyancy force).

Suppose that an electric charge Q is imparted to the
pendulum, which is then placed in a homogeneous elec-
tric field E, as shown in Figure 36.3. The pendulum
oscillates, and its period is given by the following for-
mula:

g 1
R

In the state of weightlessness (the pendulum is placed
inside an elevator cabin that falls freely with an accel-
eration g) a force of inertia acts on the pendulum. This
force F, is equal in magnitude to the force of gravity m,
but is opposite in direction (Figure 36.4). The stress F{
developed by the string vanishes and the pendulum does
not oscillate (the force of gravity is compensated for by

19-0498
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the force of inertia). If a charge is imparted to the pen-
dulum and the pendulum is placed in a homogeneous
electric field, oscillations
can occur even in weight-
lessness.

Statement of the problem.
Study the possibility of
using an electric field as
the “medium” in which a
pendulum clock can op-
erate in weightlessness.

Statement of a research
problem. The physical sys-
tem consists of a simple
pendulum of mass m and
length ! carrying a charge Q

Figure 36.4 and two fields, the gravi-
tational field and a homo-
geneous electric field E. A force of inertia Fy = —m,

g
acts on the pendulum. To compensate this force the
electric field strength must be such that

mg = QE. (36.5)

Then the period of oscillations can be calculated by for-
mula (36.4), that is, the pendulum will oscillate with
the same frequency as on Earth under ordinary conditions.

Let us imagine the bob of the pendulum to be a small
ball of radius r and density p. The charge carried by the
bob must be so small that its field can be ignored in com-
parison with the external electric field E. The latter can
be generated inside a parallel-plate capacitor with the
distance between the plates designated by d. Suppose
that the ball oscillates at a distance d/2 from each plate.
Then the condition that the field of the charge Q on the
ball be weak can be written as follows:

@ = 107, (36.6)
where ¢, = Q/4ne,r is the potential of the ball, and

@ = Ed/2 the potential of the external field at the point
occupied by the ball. Condition (36.6) then assumes the
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form
Q __ 02l
Tneg = 107E 3
or

0= revEd 4o (36.7)

Substituting this into (36.5) and allowing for (36.2), we
obtain

2p8
=10/ 2. (36.8)
Calculating the value of E for r = 10-*m, p = 10°kg/m?,
and d =2 x 10! m, we obtain E =6 x 10 V/m.
This leads us to the following value of the potential
difference across the plates: Ag = Ed = 1.2 X 10® V.

Apparently, it is difficult to generate such a field inside
a spaceship. Therefore, we will calculate the field strength
for a miniature pendu]um r=10"%m, p = 10° kg/m®,
and d = 2 X 10~ m. Then formula (36.8) yields £ ~ ~
2 x 10* V/m. The potential difference A¢ =~ 400 V
Making the radius r of the ball still smaller, we can obtain
practically realizable values of the electric field strength
E and the potential difference Ag.

Thus, a pendulum clock operating in an electric “me-
dium” in weightlessness must necessarily be minute. Let
us formulate the terms of

Problem 1. In a jreely falling elevator cabin (on Earth)
there is a parallel plate capacitor the distance between
whose plates is d =2 X 10-* m. A simple pendulum of
length d/2 is attached to the upper plate of the capacitor.
The bob of the pendulum has the shape of a ball of radius
r =10-* m and density p = 10° kg/m®. What potential
difference A must be applied across the capacitor plates
and what charge Q must be imparted to the bob if we want
the pendulum to oscillate with the same frequency as it
would in a motionless elevator on Earth? The electric field
generated by charge Q carried by the bob must be weak com-
pared to the electric field between the plates. Air drag on the
pendulum is to be ignored.

19¢



284 Part 8. Nonstandard, Nonspecified, Arbitrary Problems

We already know the solution to this problem: it is
given by formulas (36.8) and (36.7).

We can formulate other problems, say, that of con-
sidering the oscillations of a charged physical pendulum
in a homogeneous electric field.

37. Arbitrary Problems

So far we have solved problems that dealt with a known
topic. We usually started with the theory of the topic,
then idered the basic probl ployed certain
methods for its solution, suggested other methods for its
solution and for solution of similar problems belonging
to the same topic. Note that the solution of these problems
was also carried out on the basis of a general approach
developed in Part 1. In this way we moved from topic
to topic, gradually acquiring experience in problem solv-
ing. This is a necessary path, but it is not at all suffi-
cient. In life one is confronted more often with problems
belonging not to one (known) topic but involving several
topics, or what we call arbitrary problems.

The theory, methods, and tricks of solving physics
problems already discussed are aimed at teaching the
reader to solve problems whose topic is not known in
;dvance. Now we will apply this approach to such pro-

lems.

Example 37.1. I'n isothermal-~ezpansion of one mole of
ozygen with a temperature T = 300 K the gas absorbed
an amount of heat Q = 2 kJ. By what factor did the volume
occupied by the gas increase?

Solution. The problem is nol stated quite right because
the initial pressure of the gas is not given. Depending
on the pressure, the gas may be considered either ideal
or real. Two solutions are possible, therefore: one for
a physical system consisting of an ideal gas, the other
for a system consisting of a real gas.

Suppose that we are dealing with an ideal gas. Then,
as a result of an isothermal process the amount of heat @
is absorbed and the amount of work

W=RTIn(V,/V)
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is performed. We wish to find the ratio of two values of
a macro-parameter of the system, its volume (the volume
ratio V,/ V,). This constitutes a basic problem of thermo-
dynamics. So we employ the thermodynamic method.
Applying the first law of thermodynamics, we find that
Q=RTIn (Vy/V)),
where we have allowed for the fact that the variation of
the internal energy of an ideal gas is zero, AU = 0.
Hence,

v, .
JE=eWURT, V¥, 223

Now let us assume that the physical system consists
of a real gas that obeys the van der Waals equation

(p+3) v -n)=~&T,
where a and b are the van der Waals constants. The inter-
nal energy of one mole of a real gas,
U=cyT —alv,

depends not only on temperature T but also on volume V.
By the first law of thermodynamics,

V,—V, Vis—b
O—a—v‘—‘+RTln i

Since for oxygen b = 0.032 m”kmol. the last equation
can be approximately written as
—1
Q=a IV, +RTInz,

with £ = V,/V,. To solve this transcendental equation,
we must specify the final volume of the system, V,.

Example 37.2. A particle 1s moving in the positive
dtrectwn along the X azis in such a manner that its velocity
varies according to the law v = a }'z, with a a positive
constant. Assuming that at time t = O the particle was at
point z =0, find (a) the time dependence of the particle's
velocity and acceleration, and (b) the average velocity of the
particle over the time interval that it takes the particle to
travel the distance from point z =0 to point z.
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Solution. The physical system consists of a single object,
the particle. which moves in a straight line (the one-
dimensional case) along the X axis, and this motion is
considered formally. An interrelationship between some
of the parameters of motion (the velocity v and the po-
sition coordinate z) is fixed. We must find certain other
parameters of motion as functions of time and the average
velocity. This constitutes an inverse problem of kine-
matics.

Let us find the law of motion of the particle. Since v, =
dz/dt, we can write the interrelationship between velocity
and the position coordinate, vy = a V'z, in the form

dr -
w=e Vz.
Separating variables, integrating, and allowing for the
initial conditions, we arrive at the law of motion:
z=a*/4. (37.1)

This leads us to the following laws of time-variation of
velocity,

and time-variation of the average velocity,

1 1
(u_‘)=+'\ v,.dt=—:—.\ ";’ dt=—";'—. (37.2)
° 0

Substituting the time of motion ¢ = 2 }/ z/a, which can
be found from (37.1), into (37.2), we find the final expres-
sion for the average velocity:

wy=5Vz

Analysis of the solution shows that the problem can be
made more complicated by using instead of the equation
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=a ]/'z a more general equation v, = f (z), where
funcuon f(z) must satisfy several conditions.

Example 37.3. A piston of mass M can move without
friction inside a vertical cylindrical pipe whose lower end
is closed. The volume under the piston is filled with a gas
whose mass is considerably smaller than that of the piston.
In equilibrium the distance between the lower end of the
Ppiston and the bottom of the pipe is l, (Figure 37.1). Find
the period of the small oscillations
that the piston will make if the
equilibrium is disturbed, assuming
that oscillations occur isothermally
and the gas is ideal. The cross-sec-
tional area of the pipe is A and the
standard atmospheric pressure is p,.
Consider the limiting case when ‘o
Po =

Solution. Three ob]ects will be
included in the ph 1 system:
the piston (a rigid body of mass M), y
the gas under the piston, and the Figure 37.4
air above the piston (an ideal gas).

How will the objects of the system behave when the
piston is moved downward by a distance z from the
position of equilibrium (see Figure 37.1)? The state of
the gas above the piston does not change (its pressure po

e T, remain h d), while the state
of the gas under the piston changes (the temperature T
remains unchanged, the volume decreases by AV = z4,
and the pressure increases by Ap). Hence, the piston
is under an additional force ¥ = ApA directed upward.

This force pushes the piston upward. In equilibrium
the force F vanishes. But since the velocity of the piston
at this point is nonzero, the piston moves past the equi-
librium position. The distance it travels upward from
the equilibrium position is also z since there is no friction.
The pressure of the gas under the piston decreases by Ap.
Under the force ApA, now directed downward. the piston
moves downward. In this way the piston oscillates about
the equilibrium position.

0,
St

7z
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Let us employ the dynamical method. First we find
the additional force F = ApA acting on the piston. By
the Boyle law for an isothermal process involving the gas
under the piston,

PiloA = (py+ Ap) (Al — A2), (37.3)
where p, = (Mg + poA)/A is the pressure of the gas
under the piston in the state of equilibrium. Assuming
that z < I,, we find from (37.3) the variation of the gas
pressure:

Ap=pyall,
Hence, the additional force
F=—Metrd o
)

is proportional to the displacement z of the piston from
the equilibrium position and is directed toward the equi-
librium position.

Under this force the piston oscillates harmonically. By
Newton's second law we can find the differential equation
describing these oscillations:

Mz 4 Hekped 5o,

By comparing this equation wnth the general differential
equation for free undamped oscillations we can find the
period of the piston’s oscillations:

Mi,
T°=2nVMx+°p.,A'
Hence, in the limiting case when p, = 0 we have T, =
2n /' L/g, which is the period of oscillations of a simple
pendulum of length I,.

Example 37.4. 4 bullet passing through a wooden board
of thickness h changes velocity from v, to v,. Find the time
that the bullet spent in passing through the board if the
resistance force is proportional to the square of velocity.

Solution. A particle (the bullet) changes its state of
motion because of a known force. The initial conditions
are known: vo = {v,, 0, 0} and r, = {0, 0, O} at¢t = 0.
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We wish to find one parameter of motion, time ¢. This
constitutes a basic problem of particle dynamics.
Let us employ the dynamical method. By Newton's
second law,
d
mT"‘ = —aw?, (37.4)
where m is the bullet’s mass, and a is a proportionality
factor. Note that both parameters (m and @) are unknown.
Integrating Eq. (37.4) and allowing for the initial con-
dition, we arrive at the law of time-variation of the
bullet’s velocity:
Yo
V= T avm *
Putting v = v, in this equation, we obtain the sought time
interval:
_ m—uv/v)
n="tlk) (37.5)
To determine the unknown ratio m/a we find the law of
motion of the bullet by solving the inverse problem of
kinematics:

= ln (14 22 4),

or
h=%’-ln(l+ ""”lu). (37.6)
Expressing the ratio m/a by employing Eq. (37.5),
m___nh
@ f—u/v

and substituting it into (37.6), we arrive at the final
expression for the sought time interval:

h (vg—vy)

vovr In (vo/21)

Example 37.5. Two square plates with sides a = 300 mm
are fized at a distance d = 2.00 mm from each other and
form a parallel-plate capacitor. They are connected to a dc
source of voltage Ag¢ = 250 V. The plates are positioned

H=
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vertically and lowered into kerosene with a rate v =
00 mm/s. Find the current I that flows in the leads during
immersion.

Solution. The physical system consists of the parallel-

plate capacitor connected to the dc voltage source. Prior
to immersion, the charge on one plate was

Q = CAg,

where C = e,ad is the capacitance of the capacitor.

‘When the plates are being immersed, an electric current
flows in the circuit. Why? Kerosene is an insulator (the
dielectric constant e = 2). The appearance of kerosene
between the plates changes the electric field in the ca-
pacitor. This leads to a redistribution of charges on the
plates of the capacitor and current begins to flow in the
leads. The build-up of charge on the plates at a constant
voltage (Ap = const) is caused by the growth in the
capacitor’s capacitance C.

Let us find C at an arbitrary moment in time. By this
time the plates will be immersed to a depth & = vt.
‘The capacltor may be imagined as conSisting of two par-
allel-plat d in-parallel, one with
an insulator between the plates and the other with air
(e =~ 1) The capacitance of this system is

mvta + co(a—vl)a ——-[(z—l)vt+a]

‘The charge Q on a capacltor plate changes in time ¢
according to the law

0= (e — )14 a].
‘Thisgives us the following formula for the sought current:
d A
l=—£—= ""'d ? (e—1)v.

Substituting of numerical values yieldsI = 1.7 X 10-*A.

Example 37.6. A spool of thread lies on a horizontal plane.
With what acceleration a will the azis of the spool move
if the free end of the thread is pulled with a force F (Fig-
ure 37.2). How should the thread be pulled so that the spool
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will move wn the direction of the tense thread? The spool
moves along the surface of the horizontal plane without
slippage. Find the force of friction between spool and hori-
zontal plane.

Solution. The physical system consists of a single
object, the spool, which we consider a rigid body. The

Figure 37.2

forces acting on the spool are known (they can be deter-
mined). We wish to find the acceleration of the spool.
This constitutes a basic problem of rigid-body dynamics.

The following forces act on the spool: the given tensile
stress F developed by the thread, the force of gravity mg,
the force of friction Fy., and the force N exerted by the
support on the spool. We link the inertial reference frame
with Earth and direct the coordinate axes as shown in
Figure 37.2. By the theorem on the motion of the center
of mass,

ma=Fcosa—Fy, 0=N+Fsina—mg.

From the equation of motion of a rigid body about an
axis passing through the center of mass we find that

JB=F,R—Fr,
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where B = a/R is the angular acceleration of the spool,
and J the spool’s moment of inertia about the rotation
axis. Solving the obtained system of equations, we find
the sought acceleration,

__RF(Rcosa—r)
a="—rrm (37.7)
and the force of friction,

F, = F cosa— ma.

From Eq. (37.7) it follows that condition a > 0 is met if
cos @ > r/R. To solve the problem numerically we must
know the mass m and moment of inertia J of the spool.

Example 37.7. A planoconvez glass lens touches a glass
plate with its convez surface (Figure 37.3). The radius of

[
|
! 2

7
N\
\\_ a

Figure 37.3

curvature of the convez surface of the lens is R, and the
wavelength of the light falling on the lens is . Find the
width Ar of a Newton ring as a function of the ring's radius
in the region where Ar K r.

Solution. The following objects may be included in the
physical system: the glass plate, the lens, and the thin
air wedge between the lens and the plate (see Figure 37.3).
As a result of reflection of waves from the upper and lower
surfaces of the air wedge an interference pattern is formed
and Newton rings appear. We wish to find the width of
aring Ar or, which is the same, find the distance between
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the centers of the neighboring dark and bright rings.
This constitutes a basic problem in the theory of inter-
ference of waves.

First we must find the optical path difference and then
employ the maxima and minima conditions. The optical
path diff of the rays refl d from the upper and
lower surfaces of the air wedge is

8§=2d+1/2, (37.8)
where d is the thickness of the air wedge at the point

where the rays are reflected. From geometrical considera-
tions it follows that

dX2R=r} (37.9)

In this equation ry, is the radius of the kth dark or bright
ring. Substituting the value of d from Eq. (37.9) into
Eq. (37.8) and employing the maxima condition (27.1)
and the minima condition (27.2), we find the radii of the
kth dark ring,

raa=V AR,
and the kth bright ring,

A
r,b=V(kA—--2—) R.
These expressions yield
Thd—Thn = ("ha—Tab) (Taa +Tan) = RA/2.
Putting ryg + ryp &~ 2r, we find the width of a ring:
Ar=r.¢—r,bz%‘

Example 37.8. An ebonite ball of radius R = 50 mm
is charged electrically by friction with a uniformly distri-
buted surface charge of density ¢ = 10.0 pC/m®. The ball
is rotated about its azis with a velocity v = 600 rotations
per minute. Find the magnetic induction B generated
at the center of the ball.

Solution. The surface charges move in circles as the
ball rotates. This generates circular currents, and around
each current there is a magnetic field. We must find the
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total magnetic induction of these fields at the center of
the ball. This constitutes a basic problem in the theory
of magnetic fields.

Let us employ the superposition principle and DI
method (see Section 6). In view of the symmetry of the
problem, we select a spherical system of coordinates and
place its origin at the center of the ball. With planes

Figure 37.4

perpendicular to the rotation axis we partition the ball’s
surface into spherical layers so narrow that the magnetic
field of the current generated by the motion of the charge
carried by this layer can be calculated using the Biot-
Savart law (23.3). Let us take an infinitely small surface
element belonging to such a layer (in Figure 37.4 this
element is hatched). The area of this surface element is
dA = R®sin 6 d0 dg, and the electric charge carried
by it is dQ = 0 d4 = oR*sin 6 d6 dp. Since do =
® dt, the circular current generated by the motion of the
charges on this layer is

1=_“‘§ = owR?sin 0.d6. (37.10)
As is known (this result can easily be obtained), a cir-

cular current J of radius r generates a magnetic field whose
induction B at a point lying on the axis of this current
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at a distance d from the current’s plane can be calculated
by the formula

Ir
B = ok gy g -

Thus, the circular current (37.10) gencrates a magnetic
field whose induction at the ball's center is

owR sin? 848
—_—

dB=p.p (37.11)

Integrating (37.11) with respect to 8 from 0 to 7w, we find
that
a
v R sin? 6 d0 2poucwR
B= \ NP%= MT“
1)

Allowing for the fact that ® = 2xv, we arrive at the
final expression for the sought induction
B = 4npopovR/3.

Substituting the numerical values, we get B ~ 2.6 X
10-1 T.



CONCLUSION

It is time to summarize. We have used many examples to
illustrate the simple fact that the general approach to
the solution of any problem in the course of college phys-
ics amounts basically to the ability to analyze an arbi-
trary physical phenomenon or a collection of phenomena.
The fundamental concept of a physical phenomenon is
linked to the majority of generalized concepts of physics:
a physical system, a physical quantity, a physical law
and its main aspects (the physical meaning, conditions
in which the law is valid, the method of application),
an interaction, the state of a physical system, a basic
problem, idealized physical objects and processes, a phys-
ical model, etc. It is important not only to know all
these concepts but to know how to manipulate and use
them as elements of the various methods. In this system
the two most general methods are the most important, the
method of analyzing the physical content of a problem
and the problem statement method. The first makes it
possible to solve any formulated problem in the college
physics course, while the second helps not only to find
an approach to the solution of a nonspecified problem and
to formulate and solve the “first” problem but, also, via
simplification and complication, to formulate and solve
dozens of problems of varying degrees of difficulty, that
is, to consider a “cluster” of problems.

Above we noted that formulated and nonspecified prob-
lems exhaust the entire spectrum of problems. So it
would seem that we have the answer to the question as
to how to learn to solve physics problems. Basically one
must master these two methods. How simple! But to
do so requires a lot of hard work. In study as in science
there is no easy way to achieve something.
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